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ABSTRACT
Fibre-matrix composites which have both light-weight and high 
strength properties have recently been receiving considerable attention as 
possible materials for structural applications in the Civil Engineering 
industry. One area of difficulty in the utilisation of these materials is 
the jointing of one component to another. The technology of adhesive 
bonding; already well established in the aerospace industry, offers a 
possible solution.
The single and double lap joints and the tubular lap joint using the 
crimped and bonded technique represent the simplest jointing
i
configurations. These are, therefore, the most likely to find practical 
applications in the Civil Engineering field. The present study has 
concentrated on the stress analysis of these three configurations, which 
will be defined hereafter as the 'Primary Configurations.'
Two analytical techniques for the investigation of the primary 
configurations will be presented; the first uses a classical mathematical 
approach whereas the second uses the computer-based numerical finite 
element method. In both techniques, the analyses were extended to permit 
nonlinear adhesive yielding and this enabled an ultimate load capacity to 
be predicted. The classical analytical technique is an attempt to develop 
practical methods for a solution of the linear and nonlinear problem, as 
opposed to the more rigorous, but costly, finite element theory.
An assessment was made of the validity of the two analytical 
techniques by comparing case studies for the primary configurations. In 
the case of the nonlinear classical theory, theoretical failure envelopes
were compared with a series of experimental joint failures. To permit
this work to he undertaken, some typical structural epoxide resin
adhesives were tested in order to obtain their elastic and yielding 
characteristics. Manufacturers rarely quote detailed mechanical data for 
their products in the literature and it is anticipated that this work will 
be of interest to other investigators of adhesive bonded joints.
The classical and finite element analytical techniques have been 
verified by the use of case studies. From a comparison with experimental 
studies the nonlinear classical method has been shown to be capable of
predicting ultimate load for the double and tubular lap configurations.
For the single lap configuration the analysis can only approximate the 
failure load.
An experimental and an analytical investigation of the crimped and 
bonded joint has provided an understanding of the parameters that 
influence failure of this joint. This has led to a modified end grip 
which gives an improved transfer of stress to the tubular section and has 
an improved load bearing capacity.
"The limits of adhesive bonding 
are certainly not visible today"
J.R. Elliot (1)
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PRINCIPAL NOTATION
Symbols for the Primary Configurations
Latin Symbols
a radius to the centre of the adhesive
a, radius to the adherend neutral axis
b width of joint
c half overlap length
Di,D2 adherend flexural rigidity
Eq,E,,E2 modulus of elasticity
Gq,G,,Gj shear modulus
I,fIg adherend second moment of area
k,k' Goland and Reissner or Hart-Smith bending moment factors
1 overlap length l=2c
la length of adherend
Le effective length of overlap
M , M , b e n d i n g  moment per unit width of joint
P applied load
Pult ultimate applied load (failure load)
ta,t,,tg adhesive and adherend thickness
T,T,,Tg tension force per unit width of joint
V,V,,Vg shear force per unit width of joint
Greek Symbols
If adhesive shear strain
Ifg adhesive elastic limit shear strain
Yp adhesive plastic limit shear strain
E adhesive peel strain
Notation 12
Ci
T
adhesive elastic limit peel strain
adhesive plastic limit peel strain
adherend in plane tensile strain
Poissons ratio
adhesive peel stress
adhesive plastic limit peel stress
average direct stress applied to the adherend
effective stress
tensile yield stress
adherend in plane tensile stress
adhesive shear stress
adhesive plastic limit shear stress
average shear stress applied to the adhesive
Superscripts
* a boundary condition value
Subscripts
i=1 ,2
max
a quantity relevant to the adhesive
a quantity relevant to adherend 1 or 2 (if i is 
ignored then the adherends are balanced)
the peak value
the elastic limit value
the plastic limit value
Notation 13
Symbols for the Finite Element Work
Latin Symbols
[B] strain-displacement matrix [^ ]®[B]{6e]
[bJ nonlinear strain-displacement matrix
[Bo] linear strain-displacement matrix
[c] strain-stress matrix {^ l*[c]{d|
[D] stress-strain matrix |d|=[D]{c|
[Dep] elasto-plastic stress-strain matrix
[J] Jacobian matrix
[ke] element stiffness matrix
[K] structure stiffness matrix
H shape function
|P| structure nodal load vector
Ips] element nodal load vector
Greek Symbols
I 5] structure nodal displacement vector
element nodal displacement vector 
{6sI substructure nodal displacement vector
{^ 1 strain vector
{cej elastic strain vector
[^ LI nonlinear (large displacement) strain vector
{^ 0} linear (small displacement) strain vector
|Ep| plastic strain vector
{o’! stress vector
1^ 1 out of balance nodal force vector
14
CHAPTER 1
1.0 Introduction
1.1 General Introduction
Pioneering work in the aircraft industry since 194-0, and later in 
the American Space Programmes, has lead to the rapid development of new 
materials having both light-weight and high strength, the main material 
groups being alloys and composites. To efficiently incorporate these 
materials into a structural assembly has necessitated the co-development 
of adhesive bonding technology. Today, modern synthetic adhesives offer a 
jointing technique of interest to engineers in industries far wider than 
that of the aerospace.
The variety of adhesives now available commercially is immense. 
These are usually supplied in either a liquid, paste or solid form, and 
are categorized according to their 'chemical type,' which may be further 
classified as inorganic or organic. Structural adhesives are derived from 
the latter, organic group, and comprise of thermosetting resins and 
elastomers or thermoplastics. These combinations of resins from different 
chemical groups are strong, tough, infusible, insoluble and can be used 
over a wide range of temperatures. Currently, the two adhesives most 
commonly used for structural applications are the modified phenolic and 
epoxide resin systems.
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The advantages and limitations for adhesive bonding, which are fully- 
documented in most texts on the subject, would indicate that engineering 
offers a potentially large market for the adhesive manufactures. However, 
apart from the aerospace industry, their acceptance to date has been I spares and disappointing, this may be attributed to the following:
1) a lack of confidence by, and information available to the 
potential user;
2) adhesive bonding technology is largely ignored in the 
training of engineers;
3) the low risk attitude of industry in times of recession;
4) a prejudice shown by engineers to replace traditional 
jointing methods.
In addition to selecting the correct adhesive, the strong and 
reliable joint is critically dependent on a number of other factors. 
These are; a) the adherend surface pretreatment (cleansing and etching) 
must be undertaken conscientiously; b) the adhesive preparation 
(proportioning, mixing and application) must follow the manufacturers 
instructions precisely; c) the component parts must be matched and a 
suitable pressure applied with the curing schedule conforming to the 
manufacturers requirements. Having followed these procedures it is 
difficult to estimate the degree of bond achieved and to detect a poorly 
constructed joint. Not surprisingly then, the 'on site' use of adhesives 
in the building sector, which traditionally uses unskilled labour, 
sometimes in adverse working and climatic conditions, has been restricted
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to essentially light loading applications. These include gap filling, 
sealants and the bonding of wall and flooring tiles. Notable exceptions 
for load bearing applications are in concrete bonding, by replacing 
mortars in segmental construction, the restoration of cracked concrete and 
the adhering of temporary or permanent steel plates to supplement the 
existing inadequate reinforcement.
Recently, interest has been shown in the use of Fibre Reinforced 
Polymers (F.R.P) for load bearing structural applications. The folded 
plate continuum systems manufactured from chopped strands and polymers, 
and skeletal systems fabricated from essentially unidirectionally aligned 
fibre sectional members are receiving considerable attention. The latter 
members are eminently suited to a space frame type structure in which the 
loading of the members is mainly axial. Whilst these structural systems 
show promise it has been found that the fabrication and jointing of the 
members presents difficulties. Currently, some research effort is being 
directed toward this problem using metal end grips bonded to the members.
It is known that when jointing fibre-matrix composites to similar or 
dissimilar materials there are three options open to the designer. These 
are to form:
a) a mechanical fastener (mechanical jointing);
b) an adhesive bonded joint (chemical jointing);
c) a combination of mechanical and chemical jointing.
Mechanical fasteners have the disadvantages that they damage the 
composite section and have a poor efficiency in bearing strength. 
Furthermore, they reduce the weight superiority offered by the use of
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composites. A carefully designed adhesive joint applies uniform stresses 
in a shear mode of loading, which is readily transferred to the composite 
section. The adhesive bonded joint is therefore preferable when jointing 
F.R.P materials.
1.2 Objectives
In the last section it was suggested that adhesive bonding is a 
viable jointing technique when constructing light weight F.R.P folded 
plate or skeletal structural systems. It is envisaged that these 
structures would be fabricated using a combination of only three jointing 
configurations, these are:
1) the 'single lap joint' to enable overlapping plates to be 
bonded (see figure 2.1a);
2) the 'double lap joint' which uses both faces of the central 
adherend to transfer load. This joint is symmetric about the 
centre line and is analogous to a plate bonded to a rigid 
support (see figure 2.1b);
3) the 'tubular lap joint' which is capable of bonding 
overlapping co-axial tubes (see figure 2.1c). This joint would 
be used in fabricating space frame type structures using tubular 
F.R.P members.
These three joints will be referred to as the 'Primary Configurations' in 
the following chapters.
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The efficient transfer of stress in bonded joints is essential to 
ensure an effective structural component. This requires that the peel 
stresses which act perpendicular to the glue line must be a minimum, since 
both the adhesive and F.R.P laminate perform poorly under transverse 
tensile loading. This being so, the three configurations must be loaded 
in plane, or axially in the case of the tubular joint.
The aerospace industry often substitute the primary configurations 
with more efficient joints, usually produced by tapering the adherends to 
give the bevel, scarf and step joints. However, costly machining and 
preforming of the adherends render these refinements less attractive to 
Civil Engineering and, for this reason, they will not be considered in 
this thesis.
The main objective of the present work is to provide analytical
methods for the solution of the adhesive stress distribution in the
primary configurations, which would be valid for a wide range of
geometrical and material properties. For mathematical simplicity the 
majority of previous work has assumed identical adherends in the bonded 
joint. This is unrealistic for most practical structures where a variety 
of components must be assembled and therefore the generalization for
dissimilar adherends will be used here.
It has been recognised for a considerable time that adhesive 
yielding is present in structural joints at appreciable levels of loading; 
yielding is regarded as a desirable feature to alleviate stress 
concentrations and to redistribute loading. Much of the existing
theoretical work has been restricted to linear material assumptions, and 
whilst these theories are useful to indicate the location and the
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magnitude of stress concentrations they fail to predict ultimate load, 
except in the case of a brittle adhesive joint. Currently, engineers 
require analytical solutions to problems which provide a knowledge of load 
capacity and enable an optimization of structural design. A recent 
concept for the analysis of bonded joints with a nonlinear adhesive 
response, using an elastic-perfectly plastic idealization for the 
adhesive, has been extended in the present work to include the primary 
configurations.
The linear and nonlinear analyses are each undertaken using two 
different approaches. The first employs the classical theory of 
elasticity to enable a mathematical solution to be formulated in which the 
above mentioned concepts are introduced for the nonlinear adhesive 
response. The second uses the computer-based finite element theory which 
is a general stress analysis technique and can handle both linear and 
nonlinear response. Solutions for the two approaches are compared using 
typical jointing problems.
In the current work all nonlinear time and temperature dependent 
effects including viscoelasticity, creep, volumetric and thermal straining 
are ignored and the applied loading is assumed to be static. It is 
recognised that these properties are important, particularly when the 
structural element is at an elevated temperature and under a sustained 
loading. However, adhesive yielding is of paramount importance and its 
effects must be studied initially independently of these properties.
It is intended that the nonlinear classical theories will be capable 
of predicting joint strength and, consequently, a number of parameter 
studies using single and double lap joints have been undertaken to assess
i/'
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this. However, to apply the above theories to a practical joint requires, 
initially, a knowledge of the constituent material properties. Ifhilst the 
adherend properties are readily obtained using the standard tensile test 
it was necessary to develop an experimental test procedure to obtain the 
nonlinear stress-strain relationship to failure of the adhesive.
In the present investigation considerable theoretical and 
experimental effort has been devoted toward the development of a practical 
and structurally efficient end grip for the transfer of axial load from 
the F.R.P members. The members were tubular and had dimensions suitable 
for the construction of small to medium span space frame structures. A 
promising end grip has recently been proposed by Green and Phillips (69), 
and combined aluminium crimping with adhesive bonding techniques. The 
current work has led to a modified version of this joint which has an 
improved load carrying capacity. A patent for this improvement has 
subsequently been filed under the title, "Partial Crimped and Bonded Joint 
for Fibre Reinforced Members."
1.3 Organisation of the Thesis
A review of the previous literature is given in chapter 2 and covers 
the theoretical analyses for the primary configurations. Both linear and 
nonlinear theories are included and to simplify presentation, literature 
is separated into that using the classical approach and that using the 
numerical finite element theory.
Chapters 3 and 4 develop the mathematical theory and outline the 
finite element formulation, necessary to obtain the linear and nonlinear
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solutions to the primary configurations. It will be shown that an 
explicit solution, in the case of the classical approach, is not possible 
and that a numerical finite difference solution is necessary.
Chapter 5 contains the experimental work. This includes the 
development of a test procedure and the testing of some typical, 
structural epoxide resin adhesives. Further experimental work undertake 
the fabrication and testing of parametric studies for the single and 
double lap joints and the tubular crimped and bonded joint.
The results are presented and discussed in four parts, in chapter 6, 
these are:-
Part A This presents comparative solutions for the primary
configurations using the linear theories and examines the importance of 
the assumptions made in the formulation of the classical theories.
Part B The development of adhesive yielding is illustrated, via case 
studies, for the primary configurations and a comparison of the solutions 
using the nonlinear theories are also presented.
Part C An assessment of the validity of the nonlinear classical
theories to predict failure load is made by comparing the theoretical 
failure envelopes, with results from the experimental work undertaken in 
chapter 5»
Part D This provides an examination, both theoretically and
experimentally, of the full and flared, crimped and bonded tubular joint.
Concluding remarks on the extent to which the objectives were 
achieved are presented in chapter 7»
22
CHAPTER 2
2.0 The Primary Configurations - A Review of Previous Theoretical Work
2.1 Introduction
From a fabrication viewpoint the most practical and therefore the 
most commonly used bonded structural joints are those that were defined as 
the primary configurations in chapter 1, and which are illustrated in 
figures 2.1. A review of literature concerning the theoretical solution 
of these joints has revealed that two analytical techniques are 
predominant. The first uses a mathematical treatment employing the 
classical 'theory of elasticity.' This approach must introduce assumptions 
to enable a mathematical solution to be formulated; authors differ in the 
assumptions made depending on the aims of their analysis. The second 
analytical technique uses the finite element theory which has evolved 
relatively recently with the advent of the digital computer. Only this 
technique is capable of a general analysis, free from assumptions, except 
those implicit in the numerical nature of the analysis. The classical and 
finite element work for each primary configuration shall be reviewed 
separately, and will be further separated into those using the linear, and 
those using the nonlinear material assumption.
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2.2 Scope of Review
A number of excellant reviews representing the state-of-the-art for 
the theoretical analysis of adhesive bonded joints prior to 1970 are given 
in references (2 through 6). More recently, two noteworthy reviews have 
been presented on this subject. Firstly, a specialized review covering 
the stress analysis of bonded and mechanically fastened composite joints 
is given by Oplinger (7) 1975, and secondly, a comprehensive survey of 
adhesive joints is given by Matthews, Kilty and Godwin (8) 1982. Although 
these references provide a good introduction to adhesive bonded joints, it 
was found to be necessary to undertake an updated review concentrating
only on those configurations relevant to this thesis.
The main sources of literature consulted were;-
1) Technical Journals including; J.Composites, Composites,
J.Adhesion, J.Adhesion and Adhesives, J.Strain Analysis, A.S.C.E 
Trans, A.S.M.E Trans, A.I.A.A Journal and N.A.S.A Publications.
2) Symposiums held on the jointing of fibre reinforced 
composites, (see references (9,10,11)).
3) An on-line computer search was undertaken at the University 
of Surrey, through Dialtech (Italy) on Compendex (on-line 
Engineering index), in August 1982.
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2.3 Some General Comments Regarding the Classical Theories
To avoid repetition in the review of classical work some general 
comments may be made:
1) the condition of plane strain loading is invariably imposed 
for the single and double lap joint. This assumes that the 
state of stress at every cross section in the XZ plane is
identical and renders the joint a two dimensional analysis 
problem, thus allowing the mathematical problem to be tractable 
or, in the finite element theory, dramatically reduces the 
computer storage requirements; the tubular joint is analysed as 
an axisymmetric body;
2) the adhesive layer is always isotropic and has a thickness
much smaller than that of the adherends. This allows many 
workers to assume that the adhesive stresses are constant in the 
through-the-thiokness, or transverse direction. Only the 
adhesive peel and shear components of stress are usually 
considered significant and are included in the analysis;
3) the classical 'theory of elasticity' is used by most workers
to treat the adherends as either a thin beam which may undergo
in plane stretching and bending actions, or as a thin plate that 
may also account for transverse normal and transverse shear 
deformations ;
4) loading is always tensile and in the plane, or axial in the 
case of the tubular joint.
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2.4 Single Lap Joint
2.4.1 Single Lap Joint - Linear Classical Theories
The first theory to analyse the stress distribution for an adhesive 
layer between two overlapping metal adherends is usually accredited to 
Volkersen (12) 1938, although previous workers investigating soldered 
joints are recognised as important contributors to this science. The 
simple Volkersen analysis is often named the ’Shear Lag Model,' since it 
considers only shear deformation in the adhesive caused by differential in 
plane straining of the adherends. A theory for the Volkersen shear lag 
model is given in English by Sazhin (13) 1964, where in addition to the 
adhesive shear stress, closed form solutions are derived for the adherend 
stress distribution. The mechanism of stress transfer for the shear lag 
model is depicted in figure 2.2.
The eccentricity of applied loading in the single lap joint will 
cause bending of the adherends and a rotation of the overlap region as 
illustrated in figure 2.3. The adhesive must now absorb both adherend 
stretching and bending strains giving the complex shear and peel stress 
distribution shown in figure 2.4. Clearly, the Volkersen theory is 
inadequate to describe the single lap joint, but does approximate one half 
of the double lap joint, which, by symmetry of loading is constrained from 
rotation.
The mathematical analysis of the single lap joint is dominated by 
the theory of Goland and Reissner who presented their classic paper (14) 
in 1944. In this work the adherends were assumed to be identical, 
isotropic and obey the classical theory for the infinitesimal bending of a
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thin elastic "beam, accordingly transverse shear and normal deformations 
are neglected. To perform their analysis, the overlap region is isolated 
and boundary conditions for bending, shear and tension resultants, which 
are shown as M*, and T^  ^respectively in figure 2.3, are applied to 
represent the influence of the adjoining adherends. Expressions for these 
boundary conditions were obtained from considerations of displacement 
compatibility between the overlap and adherends, because of joint rotation 
these were found to be a nonlinear function of the applied load. Using 
standard theory of elasticity explicit solutions were obtained for the 
adhesive shear and peel stress distribution in terms of the boundary 
conditions. The Goland and Reissner analysis was studied for two distinct 
cases;
1 ) the adhesive is assumed to be very thin and relatively stiff, 
and is applicable to the bonding of wood, or similar low modulus 
adherends, (1st Criterion);
2) the flexibility of the joint is due mainly to that of the 
adhesive layer, and is applicable to the bonding of metal and 
F.R.P adherends, (2nd Criterion).
From strain energy considerations and using an 'educated judgement' the 
following criterions were given for the range of validity of each case:—
1st Criterion t or tg \< t
10E G„ 10G
2nd Criterion ^ \< or t n< tg
E 10Ea G 1 ÔgI
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Inspection of these criteria reveals that the second is appropriate to 
most bonding problems and so subsequent reference to the Goland and 
Reissner work will infer their second criterion theory.
Hart-Smith has published numerous comprehensive papers on the 
subject of adhesive bonded joints. Among these, reference (15) 1973 
extends the Goland and Reissner theory to include the generalization for 
imbalanced adherends. This work is presented in a summary form in 
references (16,17). Due to the lack of symmetry a closed form solution 
proved impractical and a numerical solution for the governing differential 
equations and boundary conditions was recommended, although details were 
not given.
In the same work Hart-Smith has refined the Goland and Reissner 
theory by detecting an unrealistic assumption used in their derivation of 
the boundary condition M*. They have assumed that at the instantaneous 
change of cross section at A-A shown in figure 2.5, the total joint depth 
is immediately effective in bending, i.e. there exists a perfect shear 
connection between the two adherends and the presence of the adhesive 
layer is ignored. This implies the incorrect linear bending stress 
distribution of figure 2.5a which must be zero over half this region as is 
shown in figure 2.5b. Hart-Smith has adopted this more realistic 
distribution to obtain a new expression for the boundary condition M*.
Hart-Smith has also examined the effect of adherend stiffness 
imbalance using approximate explicit solutions for the peak adhesive 
stresses. It was found that a progressive deterioration of joint strength 
will result from increasing stiffness imbalance, since most joint 
distortion is concentrated at the overlap end from which the less stiff
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adherend extends and high peak stresses will be generated here. For this 
reason Hart-Smith confines his attention to the balanced joint.
For laminated composite materials the ratio of in plane tensile 
modulus to transverse shear modulus, may be as high as 30, compared to 3 
for an isotropic material. With increasing ratios, the significance of 
transverse shear deformations in the composite adherends will 
increase (?). By a similar argument the transverse normal deformations 
are also significant. Much of the remaining work to be reviewed attempts 
to refine the Goland and Reissner model and include transverse adherend 
deformations for composite bonded joints.
The first of these theories is given by Pervics (18) 1974, who uses
the 'finite difference energy method' to present a general technique for
the analysis of adhesive bonded joints, including the single lap joint
based on the small deflection theory. The joint geometry is discretized 
by a finite difference mesh, and the stress distribution is found from a 
finite difference minimization of the total internal energy. This 
technique does require a sophisticated program and considerable computing 
facilities, arguably, the linear finite element method is now a superior 
computer-based analysis technique for bonded joints.
Returning to a mathematical approach, Srivinas (19) 1975, has
considered the single lap joint and uses the classical plate theory to 
account for transverse deformations in the adherends. Extensive
comparisons were made between this refined analysis and those using the 
thin beam assumptions. In general, solutions for the two approaches give 
a good agreement except when the lap length is small or the adhesive 
modulus is high. The effects of adhesive and adherend material properties
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and of plate thickness on the maximum adhesive stresses were also studied, 
together with methods of reducing the peak stresses hy tapering the 
adherends and the use of different adhesives along the overlap length. As 
in most of the higher order theories, closed form solutions for the 
adhesive stress distribution were not possible and a numerical technique 
is outlined.
A common deficiency of the references so far reviewed is their 
^ failure to satisfy stress equilibrium at the adhesive free face, this 
leads to the incorrect prediction of peak shear stress at this location. 
The true peak value is located inward from the free face by approximately 
two glue line thicknesses and this then rapidly reduces to zero at the 
free face.
An improved theory to predict this is given by Allman (20) 1976, who 
assumes the adhesive has a constant shear and linear varying peel stress 
in the transverse direction. Satisfaction for the required stress free 
boundary is achieved by enforcing the following equations of stress 
equilibrium in the lap joint.
d(Txx+ d%xz = 0 and ^zz+ ” 0 dx dz dz dx
The fundamental equations are incorporated into stress functions and the 
stress distribution is found by a minimization of the strain energy. 
Closed form solutions are given for the balanced joint using the Goland 
and Reissner boundary conditions. For the case of dissimilar adherends, a 
numerical finite element solution of the equations is recommended, but is 
only briefly discussed. Unfortunately, the Goland and Reissner boundary 
conditions are inappropriately recommended for the imbalanced joint.
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Renton and Vinson (21 ) 1975, (22) 1975 and (23) 1977 apply the
classical theory for the bending and stretching of laminated plates to the 
composite adherends. Each individual ply of the laminate may be 
incorporated as an orthotropic plate with independant properties. A study 
was undertaken to examine those parameters which improved the joint static 
strength. This was defined by minimizing the peak stresses, and it 
recommended:
1) the use of identical adherends;
2) the use of thick adherends or adherends with a high in plane
stiffness ;
3) an overlap to adherend thickness ratio of approximately ten;
4) the use of an adhesive with low shear and tensile modulus;
5) that for a laminate adherend, the bending-stretching coupling
matrix should be zero.
These objectives, which enable a uniform shear and minimal peel y stress to be achieved, have been the aim of designers for over forty 
years. Recently however, Hart-Smith (17) has stated that it is as equally 
important to restrict the minimum adhesive stresses to prevent creep 
accumulation, as it is to restrict the maximum stress, in order to prevent 
a static failure. Under this condition a nonuniform stress distribution 
is desirable.
The question of adhesive stress distribution in the transverse 
direction, with particular interest at the overlap edges, is the subject 
of an investigation by Ojalvo and Eidinoff (24) 1978. The Goland and
Reissner theory is given a more complete representation for the adhesive 
shear and peel stress distribution. These are assumed to vary linearly in
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the transverse direction. A closed form solution is obtained and
demonstrates a significant difference to that derived by Goland and
Reissner, in particular the values of peak adhesive stress differ, with 
the new theory giving an increase in the peak shear and a reduction in the 
peak peel stress values. The theories of Allman (20) and Renton and 
Vinson (21) predict zero shear stress at the adhesive free face, Ojalvo 
and Eidinoff have ignored this and suggest it may be the basis for further 
work.
Yuceoglu and Updike (25) 1981 give a general treatment for the 
analysis of two bonded plates, among these is the single lap joint. The 
adherend plates may be imbalanced and, orthotropic, provided that the 
principal material directions coincide with the joint axes system. The 
adherends are allowed to undergo in plane, shear and bending deformations, 
and therefore, this method is suitable for composite adherends. A 
numerical solution technique for the fundamental equations and the 
boundary conditions is necessary and the Multisegment method of 
integration is mentioned. Joint rotation is ignored, although boundary
conditions could be applied to simulate this rotation. One conclusion 
found that for practical purposes, the transverse shear deformations in 
the adherends may be neglected, unless the adherends are extremely thick 
and deformable in shear.
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2.4.2 Single Lap Joint - Nonlinear Classical Theories
Relatively little literature has been published which allows a 
nonlinear stress-strain law to be applied to the adhesive. However, two 
notable references will be discussed, both of these treat the adherends as 
a linear elastic material.
For a rigorous treatment of material nonlinearity, two theories are 
available; Deformation (total strain) theory and Flow (incremental) 
theory. Whilst the latter is a general technique, the deformation theory 
is only applicable to certain structures; the requirement is, that at all 
points within the structure the stress components increase
'proportionally,' even during yielding.
Grimes et al. (26) 1972, have used the deformation theory for the 
single lap joint with a monotonically increasing tensile load. The shear 
and peel stress are combined in the simplified Von Mises yield criterion 
to form an effective stress given by 0 = (3 '^) ' « If ^  exceeds dj ,
where oj is the adhesive uniaxial tensile yield stress, then a state of 
plastic straining exists. The Ramberg-Osgood law is used to approximate 
the nonlinear adhesive stress-strain curve. Using the deformation theory, 
in conjunction with the effective stress and Ramberg-Osgood law, a 
prediction of the plastic strain components may be made and the total 
strain is given as a summation of the elastic and plastic components. 
From these total strains, two nonlinear governing differential equations 
are established for the adhesive stress distribution; the nonlinearity is 
a consequence of adhesive yielding. An iterative computer routine is 
developed to solve these equations, at each iteration the plastic stresses 
are updated until there is an insignificant change in value.
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The method of Grimes is shown to compare favourably with a finite 
element solution. Unfortunately, the comparison is rather artificial as 
both methods use the deformation theory and it has not been clearly 
established that this theory is valid for bonded joints. For the 
comparison it would have been more informative to use the general 
incremental theory in the finite element solution, which is described by 
Adams (27) 1981, who uses the 'initial stress' method. Grimes has ignored 
large deformations for the single lap joint and if these were included it 
would violate the requirement that components of stress increase 
proportionally.
By comparison, Hart-Smith (15) has chosen a relatively simple 
approach to adhesive yielding for the single lap joint, which does permit 
large deformations. The adhesive is idealized as linear elastic in peel, 
and linear elastic-perfectly plastic in shear. Figure 2.6 shows the 
idealized adhesive shear representation together with a typical adhesive 
shear stress distribution.
Governing differential equations are. derived independently for the 
elastic and plastic regions of overlap. A solution is obtained by 
enforcing continuity of strains at the elastic-plastic boundary and 
satisfying the usual boundary conditions at the overlap edges.
For the reason stated by Hart-Smith in his linear work, attention is 
confined to the balanced configuration. A computer program was written in 
Fortran and is listed in reference (15) to predict the failure load. 
Three failure modes are possible; adhesive peel failure, adhesive plastic 
failure and adherend failure. From this program a series of failure 
curves are also produced. The obvious deficiency of this technique is
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that only the shear component of stress is taken into account for adhesive 
yielding, and yet, the peel stresses are known to be sizable and may 
exceed the shear stress value at the overlap edge.
Allman (20) has conjectured that his linear elastic approach to the 
single lap joint may be extended to include nonlinear material behaviour, 
but does not continue this investigation.
2.4.3 Single Lap Joint - Linear Finite Element Theories
During the past decade the finite element theory has been applied 
successfully to the study of bonded joints. Three possible formulations 
of this technique have been utilized and these are as follows;—
1) Linear Geometry - this is based on the usual small 
displacement theory and assumes that structure displacements are 
linearly related to the applied loading. This would be 
appropriate to the double and tubular joint, and the single lap 
joint at a low applied load.
2) Nonlinear Geometry - this permits large deformations during 
loading, the structure displacements are nonlinearly related to 
the applied loading.
3) Nonlinear Material - a nonlinear stress-strain law is 
included to follow material yielding. This may be combined with 
either a linear or geometric nonlinear displacement theory.
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The nonlinear analyses require a considerable increase in computing effort 
compared with the linear analysis.
Wooley and Carver (28) 1971, were among the first investigators to 
use the linear finite element method to study the balanced single lap 
joint. The joint is discretized using constant strain triangular and 
quadrilateral elements, and the analysis is contrary to most work in using 
the condition of plane stress loading. A parameter study is undertaken 
using the joint dimensionless quantities ( l / t , t a / t , E / E a  ), to obtain the 
stress concentration factors ( Tmax/^ o , ^nax/^ o) at the adhesive free face. 
These results are presented as a series of curves and are intended as an 
aid for joint design. Results were shown to compare favourably with the 
Goland and Reissner theory, although the two solutions use a different 
loading condition and only the Goland and Reissner theory accounts for 
large deformations.
Most analyses of bonded joints which use the finite element method 
employ a two dimension continuum element, this may be triangular, 
rectangular or quadrilateral in shape. Carpenter (29) 1973, and in a
refined form (30) 1980, has presented a unique approach to the finite
element concept for the balanced single lap joint. The adherends are 
discretized with beam elements, and a specially developed rectangular 
element is assigned to the adhesive which allows shear and peel 
displacements only. This is a finite element interpretation of the 
assumptions used by Goland and Reissner.
Adams and Peppiat (31) 1974, have used a constant strain triangular 
element to study the balanced single lap joint, having the ASTM-D1002 test 
specimen dimensions with aluminium adherends and a high strength epoxide
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resin adhesive» The influence of an adhesive spew fillet on the glue line 
stress distribution was also investigated and it is suggested that this is 
more representative of an actual joint. The fillet and adhesive are 
assigned the same mechanical properties, this may be questionable since 
the fillet is typical of the stress free bulk material, whereas, the glue 
line material is constrained by relatively rigid adherends and its 
properties may be modified by the internal forces of adhesion. Comparison 
with the Goland and Reissner solution are presented, and show a close 
agreement. These are also compared with the spew joint which demonstrates 
a peak stress reduction and improved load transfer. Independently, 
Niranjan (6) has found from experimental observations that an average 21 % 
joint strength improvement was obtained from joints with spew fillet to 
those without. This would support the theoretical findings of Adams and 
Peppiat.
In references (28 through 31) so far reviewed, the single lap joint 
is considered as a linear geometry problem. A true comparison with the 
Goland and Reissner theory may only be made at a low applied load or by 
constraining the Goland and Reissner joint. This requires k=1 and k'=0 in 
their theory. Chan and Sun (32) 1980, appreciated this in their study on 
the effects that the geometric parameters; overlap length, adherend to 
adhesive stiffness ratio and the applied loading have on the glue line 
stress distribution. Comparisons were made with the Goland and Reissner 
theory using k=1 and k'=0.
The only reference found by the author to consider a geometric
nonlinear formulation for the finite element method is given by Cooper and
Sawyer (33) 1979, who used the N.A.S.A program package, SPAR. A
quadrilateral element was used and is unusual in that it is based on an
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assumed linear stress field rather than strain field, thus giving the 
possibility of exactly satisfying equilibrium at the adhesive free face. 
Comparison of linear and geometric nonlinear solutions, using extensive 
mesh refinement in areas of stress concentration were made with the Goland 
and Reissner solution. Unfortunately, the equation used for adhesive peel 
stress in this comparison work is taken from the original paper of Goland 
and Reissner where the solution is algebraically incorrect. Therefore 
much of the conclusion regarding the accuracy of the Goland and Reissner 
theory is invalid. The corrected equation for peel stress has been given 
by Sneddon (2) and independently by Kuenzi and Stevens (34) 1963? Adams
and Peppiat (31) demonstrates graphically the magnitude of this error. 
Cooper and Sawyer concluded that geometric nonlinear effects should be 
accounted for in predicting the linear elastic stresses for the single lap 
joint.
2.4.4 Single Lap Joint - Nonlinear Finite Element Theories
No references were found concerning this topic in the literature
search.
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2.3 Double Lap Joint
2.3.1 Double Lap Joint - Linear Classical Theories
A review of previous theoretical work relating to the double lap 
joint and the associated configurations shown in figure 2.1b is now 
presented. The single lap joint is structurally inefficient because of 
severe adherend bending strains that are imparted to the glue line by 
joint rotation. A considerable increase in joint strength is achieved by 
constraining this undesirable rotation and one popular method is to adopt 
the double lap configuration and apply loading symmetrically. Even so, 
adherend bending strains are unavoidable due to the eccentric loading path 
and as a consequence, the adhesive stress shown in figure 2.7 is 
developed. It may be seen that the peel stress distribution differs from 
that previously observed in the single lap joint due to the central 
adherend being constrained in the transverse direction.
From a search of the literature it would appear that the simple 
shear lag model proposed by Volkersen (12) was, for many years, the 
accepted adhesive stress distribution for a double lap joint. Other 
workers, notably Niles and Newell (33) 1934» and Demarkles (36) 1933 have 
refined the Volkersen model to include shear deformations in the 
adherends. They assumed that the adherend shear stress distribution is a 
maximum equal to the adhesive value at the glue line, and reduces linearly 
to zero at the opposite free face. Demarkles also observed that the 
maximum adhesive shear stress remains constant after certain parameters 
reach a prescribed value. Sergerlind (37) 1968, continued this
investigation and obtained an expression for the optimum length of
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overlap, sometimes named the 'effective length (Le).' This corresponds to 
the length of overlap that can be effective in transferring load between 
the adherends by adhesive shear stress. A similar behaviour has been 
observed for the single lap joint, and expressions for the effective 
length are given by Oplinger (?).
The importance of adhesive peel stress in the single lap joint was 
recognised as early as 1944* However, its presence in the double lap 
joint was overlooked until Volkersen (38) 1965 presented a second theory 
which accounted for the effects of internal bending and revealed 
significant peel stresses. Volkersen also satisfied the requirement for 
zero shear stress at the free face by enforcing the following stress 
equilibrium relation,
-7 - / y  '
/}dgzz + = 0 / V-
dz dx
Hart-Smith (39) 1973, Srivinas (19), Oplinger (7) and Allman (20) 
have all studied the double lap joint by extending their respective 
approaches to the single lap joint. In each case a closed form solution 
was not possible and a numerical solution is recommended, but this is 
rarely discussed in any detail. Hart-Smith and Oplinger were able to give 
approximate expressions for the peak adhesive stresses in joints having a 
long overlap length, (l Le).
Yuceoglu and Updike (40) 1980, give a general treatment for the glue 
line stress distribution of bonded stiffener plates, the double lap joint 
and the strap joint. As in their previous work (25), a numerical solution 
is required and is briefly discussed.
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2.5.2 Double Lap Joint - Nonlinear Classical Theories
The nonlinear classical theories of Grimes et al. (26) and 
Hart-Smith (15), which were reviewed in section 2.4.2, are also extended 
to include the double lap configuration. The work of Hart-Smith on this 
subject is given in reference (39), where the shear lag model is adopted 
to provide the elastic and plastic differential equations for adhesive 
shear stress. Whilst the Volkersen theory neglects adherend bending, it 
does offer the advantage of reducing the differential equations from a 
seventh to a second order system. This enabled a closed form expression 
to be obtained which gives the ultimate load of joints having a long 
overlap length, based on a plastic adhesive failure. Otherwise, a listing 
of the necessary computer program is given in Fortran in reference (39).
Grant (4I) 1976 and (42) 1978 has investigated the nonlinear stress 
distribution using an approach similar to that of Hart-Smith, in that only 
the shear stress is considered to be nonlinear. The adhesive shear 
stress-strain curve is expressed as a continuous mathematical function and 
the Volkersen equations are written in a finite difference form. A 
numerical solution is obtained for the adhesive elastic-plastic stress 
using these equations in an iterative computer routine. The ultimate load 
is predicted once the limiting value of the shear strain 'ïp is reached. 
It has been shown that the theoretical predictions agree well with 
experimental results.
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2.5»3 Double Lap Joint - Linear Finite Element Theories
Adams and Peppiat (31) have examined the balanced double lap joint 
and shown a favourable agreement with the classical solutions of Demarkles 
(36) and Volkersen (38). The influence of an adhesive spew fillet on the 
glue line stress distribution was studied using both the finite element 
and a silicone rubber model. Similar conclusions were found to their 
previous work for the single lap joint. An examination of the square edge 
and spew fillet showed the principal stress direction to be at 45° to the 
adherend face at the overlap edge. A brittle adhesive failure would occur 
by cracking perpendicular to this principal direction.
The constant strain triangular element was used by Gurney (43) 1977, 
to perform a parametric study on particular aspects of the double lap 
joint, these included;
1) the effect of overlap to plate thickness ratio;
2) the influence of tapering the adherends;
3) the comparative effect of using balanced or stiffness
imbalanced adherends.
These three parameters were assessed using the maximum stress 
concentration factor for the outer or central adherend. This was the only 
reference found to ignore the presence of an adhesive layer.
Wright (44) 1980, studied the elastic stress distribution for an 
imbalanced double strap joint, using orthotropic carbon fibre reinforced 
plastic (C.F.R.P) adherends. This formed part of a larger investigation 
into the poor fatigue performance of these joints.
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Typical glue line stress distributions for an imbalanced double lap 
joint with a long overlap length are given by Chan and Sun (32) using the 
same program as in their single lap joint work. It has been suggested by 
Hart-Smith (39) that failure in the double lap joint , particularly when 
using thick adherends, is controlled by high peel stresses at the free 
face of the outer adherends. Chan and Sun have investigated this by 
applying a clamping pressure to the finite element model and conclude, 
after verifying experimentally, that with an increase in clamping pressure 
the peel stresses reduce, giving an increase in joint strength. The shear j
rstress component is not found to be appreciably affected by clamping.
2.5.4 Double Lap Joint - Nonlinear Finite Element Theories
Adams et al. (45) 1977, and (27), have extended their previous 
linear work (31) to include adhesive nonlinearity. It is recognised in 
reference (45) that the geometric linear analysis is not valid for the 
single lap joint and so they confine their studies to the double lap, 
bevel and scarf joints. The adherends are of high stiffness C.F.R.P which 
is both anisotropic and linear elastic, the adhesive is elastic-perfectly 
plastic. The 'initial stress' method advocated by Zienkiewicz (46) and 
Nayak and Zienkiewicz (47), is used in an iterative elasto-plastic finite 
element program to follow adhesive yielding. Results are shown for 
adhesive shear and peel stress with the development of plastic yielding 
zones emanating from the adhesive free face; both the square edge and 
adhesive spew fillet are investigated. A maximum principal strain of 5% 
is set as the criterion for adhesive failure. The conservative linear 
analysis gives a joint efficiency of 16^  of the ultimate adherend tensile 
strength but, by allowing for adhesive yielding, the more realistic figure
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of 31^ efficiency is obtained. Under the same conditions, the bevel and 
scarf joints both give a value of 56% efficiency, but it is stated, "it is 
questionable whether this gain in joint efficiency is worthwhile, 
considering the extra difficulties and expense associated with the 
manufacture of the scarf and bevel joints."
Wright (48) 1978, has analysed to failure an imbalanced double strap 
butt joint, using highly orthotropic C.F.R.P adherends. The adherends are 
assumed linear elastic to failure and the adhesive is elastic-perfectly 
plastic. Adams and Peppiat use the finite element matrix displacement 
method, while Wright prefers the matrix force method which is superior in 
terms of reduced computer storage requirements. Adhesive stress 
distributions are demonstrated at varying degrees of plastic yielding and 
it is predicted that joint failure will occur in the C.F.R.P adherend 
which is in close agreement with experimental observations.
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2.6 Tubular Lap Joint
2.6.1 Tubular Lap Joint -■ Linear Classical Theories
In comparison to the flat plate bonding problems, very little
theoretical work has been published concerning the bonding of two 
overlapping tubes loaded in axial tension, as shown in figure 2.1c.
The mechanism of load transfer in the tubular joint is as follows; 
from the axial loading an adhesive shear stress is generated by
differential straining of the adherends. A peel stress is produced by the
combined actions of adherend bending and differential radial displacements 
of the tubes due to the Poisson ratio effect of the axial loading. The 
typical glue line stress distribution for the tubular joint is shown 
figure 2.8.
The classical theory for the tubular configuration was presented by 
Lubkin and Reissner (49) 1956. It was assumed that the adherend tubes
obey the ordinary linear theory for the bending and stretching of thin 
isotropic shells and that the adhesive is consistent with Goland and 
Reissner's second criterion. The Lubkin and Reissner theory derived three 
simultaneous differential equations, of a total order ten, and the 
associated boundary ’ conditions necessary to define the adhesive shear and 
peel stress distribution. A closed form solution to these equation was 
not possible, instead the stress distribution for 48 typical joints with 
identical adherends are cited. How these were obtained is not detailed, 
but a numerical solution must have been employed.
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Lubkin and Reissner have shown that a tubular joint having identical 
adherends is uniquely defined by the following five dimensionless 
geometric and material parameters,
V , Eg , 1 , |3 ( = tgE ) , R ( = t ) 
Gg t Egt 2a
where, for identical adherends,
, E] =E2 ”E , 11 ='t2 “t ■
It is recommended that (3 =4 is the lower limit for the elastothickness 
parameter, (note a value of ten is recommended by Goland and Reissner in 
their second criterion), and R=0.1 is the recommended upper limit to 
prevent violation of the thin shell theory. The 48 joints were 
dimensionalized with respect to the above parameters, and the adhesive 
stresses were presented normalized with respect to the mean applied shear 
stress (T^ i=P/2nal).
For thick tubes, the shear stress distributions are found to be 
comparable to the Volkensen shear lag theory, and Sazhin (13) has 
advocated the use of his theory for the tubular configuration. A 
comparison of the Lubkin and Reissner, shear lag and axisymmetric finite 
element theory for a typical tubular joint is presented by Pickett 
Hollaway and Phillips (50) 1982, and shows a reasonable agreement for the 
three solutions.
An inspection of the values for the dimensionless parameters used by 
Lubkin and Reissner to define the 48 joints would show that they represent 
joints having high modulus adherends with a short overlap length. These
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would not be relevant to aluminium and F.R.P joints which often require a 
long overlap to achieve a satisfactory joint strength.
The strength of a bonded cylindrical joint loaded at the ends by a 
variety of boundary conditions, including axial tension, was studied by 
Kukovyakin and Skoryi (51) 1972. The bonded joint consists of a solid 
internal shaft and an outer bush. The bush is isotropic and deforms 
according to the linear thin shell theory. Closed form solutions are 
possible for the case of axial loading provided adherend bending is 
neglected. However these solutions should be used with caution since 
Lubkin and Reissner have established that bending stresses are important 
in the tubular joint.
2.6.2 Tubular Lap Joint - Nonlinear Classical Theories
No references were found concerning this topic in the literature 
search.
2.6.3 Tubular Lap Joint - Linear Finite Element Theories
Adams and Peppiat (52) 1977, used a linear axisymmetric finite
element program to undertake a critical examination of the Lubkin and 
Reissner theory. Three joints with identical adherends were selected for 
investigation. In terms of the Lubkin and Reissner dimensionless 
parameters the three joints are:-
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Joint 1 : V» 0.3, Eg/Gg - 8/3, l/t = 10, (3 »= 20, R = 0.025
Joint 2: 0.3, Eg/G* = 8/3, l/t = 10, (3=4 , R = 0.025
Joint 3 : V» 0.3, E^/Gg = 8/3, l/t = 10, (3 = 4 , R « 0.1
Joint 1 was selected to be within the practical bounds of the Lubkin and
Reissner theory, while Joint 2 was outside the requirement for Goland and 
Reissner's second criterion. Finally, Joint 3 was selected to be both 
outside the second criterion and the limits for thin shell theory. In 
each case a good agreement for shear stress was found. The peel stresses 
were found to agree well over most of the overlap, but that the peak 
values were consistently about 35% higher in the finite element theory. 
This was attributed to the influence of the joint outside the overlap.
It is suggested by Adams and Peppiat that the Goland and Reissner 
bounds of validity for their second criterion are over conservative and 
they propose a new limit for the elastothickness parameter given by, 
( (3 =tgE/(Egt))? 3.0. This modification was shown to be justified by the 
three joint studies. These new bounds extend the Goland and Reissner 
second criterion to be valid for a wider range of practical joints.
The influence of an adhesive spew fillet for the tubular joint is 
also investigated in reference (52) together with the subjects of 
partially tapered adherends and torsional loading.
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2.6.4 Tubular Lap Joint - Nonlinear Finite Element Theories
The study of a bonded tubular joint with a nonlinear stress-strain 
law for the adhesive has been undertaken by Nagaraja and Alwar (53) 1979. 
The deformation theory and a constant strain triangular element has been 
used to study a short overlap joint with identical steel adherends. One 
criticism of this work may be that the nonlinear adhesive characteristic 
curve was obtained from a bulk specimen under tensile loading, and it is 
highly unlikely that this behaviour would be consistent with the 
mechanical properties of a thin film found in an actual joint.
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and Reissner, and the Adhesive Stress  
Distributions for the Tubular Lap Joint
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CHAPTER 5
3«0 Development of Linear Theories for the Primary Configurations
3»1 Introduction
This chapter will present the classical theories and the finite 
element theory necessary to investigate the adhesive stress distribution 
in the primary configurations. It will be assumed here that the adhesive 
behaves as a linear elastic material. ^
Whilst it is recognised that the linear assumption is an 
idealization and that a practical joint will exhibit a variety of 
nonlinear effects, either time dependant, such as viscoelasticity and 
creep, or time independant, such as yielding and thermal straining; 
nevertheless the linear theory is a useful stress analysis tool to 
indicate the location and magnitude of stress concentrations. 
Furthermore, these linear studies will form the foundation for theoretical 
work to include nonlinear adhesive yielding which will be presented in the 
following chapter.
Most linear theories cited in the literature concentrate on bonded 
joints having balanced adherends. This assumption considerably simplifies 
the analysis and, in most cases, allows a closed form solution. 
Inevitably however, the adhesive jointing of component parts in a 
structure will necessitate the bonding of dissimilar adherends and 
therefore, an emphasis is placed here on the linear, and in chapter 4, on
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the nonlinear analysis of the primary configurations with imbalanced 
adherends. Under this condition the complexity of the problem requires a 
numerical solution and for this purpose the finite difference method has 
been used.
The classical theories to be presented are founded on the 'strength 
of materials' approach, where the adherends are treated as thin isotropic 
beams which ignore the transverse shear and normal strains, and the 
adhesive is assumed to behave as a thin elastic layer with a constant 
transverse shear and peel stress, only these two components of stress are 
considered. These assumptions are necessary to allow a tractable 
mathematical treatment for the problems of imbalanced adherends, and 
later, nonlinear adhesive behaviour.
The geometry, nomenclature and co-ordinate sign convensions to be 
adopted for the primary configurations are shown in figures 5.1.
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5«2 Linear Classical Theory for the Single Lap Joint.
The following classical theory for the single lap joint is similar 
to that given by Goland and Reissner (14), with the exception that the 
generality for dissimilar adherends is now included. This has previously 
been undertaken by Hart-Smith (15), but two comments regarding that 
solution should be noted:
1) the governing differential equation for peel stress (equation 
164 in reference (15)), is algebraically incorrect, this should 
read as,
iaa!''+ 12F(1- vl) + (l- vl)l a = 6[(l- v.O(l+tg/t., )-(l- Va)(l+tg/t, )] t""
kb,E,t:Ec kbaEati kbjEjtl kbg S,  
where the adherend thickness terms and t; (shown in bold
type), were originally presented to a linear power;
2) the fundamental equation of moment equilibrium in the 
adherends (equation 127 in reference (15)) is given as,
Mi'-Vi+T(ti+ta)/2 “ 0 where i » 1,2
this is inconsistant with the Goland and Reissner theory who 
ignore the term ta/2, since ta/2<<ti/2. The equivalent 
equations to be used in this work (see equations 5°1c and 5*If), 
are given by.
Mi'-Vi+T(ti/2) = 0 where i = 1,2
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The use of this latter equation considerably simplifies the analysis 
compared to that given by Hart-Smith. For this reason and, in addition, 
as an attempt to present a unified treatment for the primary 
configurations, a new linear theory for the imbalanced single lap joint is 
now formulated.
The geometry, nomenclature and co-ordinate system for the single lap 
joint is shown in figure 5“1a.
To simplify the solution the complex tension and bending stresses in 
the adherends are represented by resultant forces. Figure 5*2a considers 
a differential element of overlap and shows the resultant forces and the 
adhesive stresses acting within the element, this is commonly termed the 
'internal stress diagram.' Throughout this work the forces are assumed to 
obey the positive sign convention shown in figure 3»2b. From the internal 
stress diagram, the following equations to satisfy the requirements for 
internal stress equilibrium in the adherends are established. For 
convenience primes denoting differentiation with respect to x will be used 
throughout :
in adherend 1 T,'+t^ 0 (3,1a)
vF+cr=0 (3.1b)
-M,+V,-Tt,/2 = 0 (3.1c)
and in adherend 2 T2-t=* 0 (3.Id)
v;-c= 0 (3.1e)
-M;+Vz-Tt2/2 = 0 (3.If)
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where Ti and Mi (i=1,2 refer to the lower and upper adherends 
respectively), are the adherend in plane tensile and bending stress 
resultants, i
Ti = / dix dz , Mi = / zd,,dz (i=1 ,2)
and the shear stress resultant Vi is required for rotational equilibrium.
The adherends are assumed to obey the classical theory for the 
infinitesimal bending of a thin isotropic beam. Denoting the transverse 
deflections as wi (i=1,2), the moment curvature equation gives,
wi = -Mi/Di
where Mi is the moment stress resultant and Di = Ei*Ii is the adherend 
flexural rigidity. The second moment of area is given by Ii=bti/12 and 
under the assumption of plane strain loading the adherend in plane 
stiffness Ei is modified to give Ei*^ from,
Ef = Ei/(1-Vi)
therefore, wi 2Mi/(bEi* ti^) (i=1,2) . (3.2a)
For the single and double lap joint the adherend width b shall be taken as 
unity.
The in plane tension and bending stresses in the adherend are 
illustrated in figure 3»3, from which the following total stresses at the 
adherend-adhesive interfaces are established.
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at z, = t,/2 , (o*T),+ (o\b),= T,/t,+ M,t,/(2I,)
at z z “-tî/2 , 02,= (0,7)2+ (o\b)z= Tj/tz- M2tz/(2l2)
where suffix T and h are the tension and bending components of stress.
In terms of the total strain at these locations,
(T,+ 6M,/t,)/(Eft,)
(3.2b)
and E2x- (Tj- 6M:/t2)/(Ë%tz)
From figure 3*4, which shows the displacements for an element of 
overlap and by enforcing compatibility of displacements at the 
adherend-adhesive interface, the following relations for adhesive shear 
and peel strain are established.
The adhesive shear strain results from differential in plane straining of 
the adherends and is given by,
1ft a + (1+£2x )Ax = (l+E,x)Ax + (Y+g3Ax)ta
giving (E2x-E,x)/to or, T= 0,(22,-Ei,)/tq , (3.3a)
The adhesive peel strain results from differential transverse 
displacements of the adherends and is given by,
2 = (wg-w,)/to and therefore, a = Eg (w2-Wi)/ta . (3.3b)
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A solution for the adhesive stress and strain distribution must 
satisfy the stress equilibrium equations 3.1, the adherend load deflection 
equations 3.2 and the compatibility equations 3»3 over the entire overlap. 
Reduction of these equations to two coupled governing differential 
equations for adhesive shear and peel stress is presented below.
Shear stress - from the definition for adhesive shear stress equation 3.3a 
and introducing equation 3»2b gives,
G,[ (_1_)(T2-6M,) - (J_)(T,+6M^ ] (3.4a)
ta E*t, t,
differentiating and eliminating M^,Mz,T|, and T; using equations 3.1 
gives,
T  —  4G g F 1 _1  ] T  +  6G g F —  VI — V  2 J
to E?ti B i t ;  tg  Êft? E^t^
and finally differentiating again and eliminating V, and V, using 
equations 3*1 yields the governing differential equation for adhesive 
shear stress,
4Ga[ J_ + 1 ] T ' + 6Ga[ JL -  _ L  ] o .  (3 . 4b)
t„ Ifft, Elt; ta E?t; B%t|
Peel stress - from the definition for adhesive peel stress equation 3»3b, 
differentiating twice and introducing equations 3»2a gives.
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0 - ^g[ 12M, - I2M2 ] (3.4c)
tg S^ ti ifti
differentiating and eliminating and M^ using equations 3-1 gives,
c ** 1 2EaL _i_ (v I - T11 ) - (V2 — T 12 ) ] (3 » 4d )
"tg E®t' 2 Eftz 2
and finally differentiating again and eliminating v| and V; using 
equations 3.1 yields the governing differential equation for adhesive peel 
stress,
6E„[ 1 - J. ]t '- ±  + JL ]ff (3.4e)
t. E?t| E*t? ta S?tî Bfjtj
During this derivation the Goland and Reissner's second criterion 
has been assumed. If the adherends are balanced i.e. E^= E*= E*and 
t,= tg" t, then the equations reduce to those obtained by Goland and 
Reissner and the governing differential equations are,
8Gg( J_ )T" (3.5a)
tg #"t
cr"» -24Eg( _L )d . (3.5b)
tg E*t'
It will be seen that these equations have simplified considerably with the 
coupling terras being eliminated. This allowed Goland and Reissner to 
obtain a closed form solution, which is cited in appendix 2. The 
necessary boundary conditions to define this solution are discussed in the 
next subsection.
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3.2.1 Boundary Conditions for the Single Lap Joint
The single lap joint is a large deformation problem; the 
eccentricity in loading path causes adherend bending and a rotation of the 
overlap region. Goland and Reissner (14) simulated the effect of joint 
rotation by isolating the overlap region as shown in figure 3*5 and 
applied edge loads, namely bending Mit shear Vi* and tension Ti* to 
represent the influence of the external adherends. Expressions for these 
edge loads were obtained from a consideration of adherend and overlap 
compatibility and were found to be a nonlinear function of the applied 
loading. From figure 3»5 the boundary conditions applied to the overlap 
region are,
at X = -c M, » MÎ T, » TÎ V, « V?
M2 = 0 T2 = 0 ¥2 = 0
(3.6)
and at x = +c M , = 0  T ^ = 0 Vi = 0
T, = T% V; = V*
Due to symmetry in the balanced joint these boundary conditions may be 
simplified by noting that,
T* = T* » T* 
VÏ = V^ = V* 
M* = M* = M*
Explicit solutions for T*, V^ and M* in the balanced joint are quoted from 
Goland and Reissner (14) and Hart-Smith (15) in appendix 1. Only 
Hart-Smith has considered the imbalanced joint and these solutions are
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also given in this appendix.
To enable a solution of the adhesive governing differential 
equations the above boundary conditions must be interpreted as adhesive 
boundary conditions. This is accomplished from equations 3-4 by invoking 
the conditions 3»6 to give,
at X = -c
T'=-Gg( 1_ )(T* + 6IÎ) (3.7a)
tg Ei’Ît, t,
E_o(l_^ f) (3.7b)
tg E^ t,
ff - E_g(l2V^ ) + 6Eg( 1_ - j_ )T (3.7c)
ft:tg Ett? tg E*t: E*t;
and at x = +c
1»T = Gg( _L )(T + 01%) (3.7d)
t, t
Ejd^f) (3.7e)
ta Êft|
n"=-Ea(l_2V") + &ga( J_ - J_ ) (3.7f)
t„ EftI ta E^tl Eft?
the final and necessary condition for horizontal equilibrium of external
forces is,
P = T dx (3'7g)
where the stress resultants T^ % V*,M% and M% are given in appendix 1.
For the case of balanced adherends the boundary conditions 3*7 reduce to
those obtained by Goland and Reissner.
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3»3 Linear Classical Theory for the Double Lap Joint
A theory is now formulated for the imbalanced double lap joint
having the geometry, nomenclature and co-ordinate system shown in figure 
3»1b. Due to the symmetric nature of this problem, the following analysis 
will consider only one half of the joint. It will be assumed here that 
only the outer adherends can deform as a thin elastic beam that may 
undergo transverse and in plane displacements. The symmetric loading
allows only in plane displacement for the central adherend.
From the internal stress diagram shown in figure 3.6 the following 
equilibrium relations are established:
in adherend 1 T^  + T = 0 (3.8a)
and in adherend 2 Tg - T = 0 (3.8b)
V j - a = 0  (3.8c)
-M'g + Vz - T t z / 2  = 0 (3.Bd)
The moment curvature equation for the outer adherend gives,
w;' = -M2/D2 = -12Mz/(E%t2) (3.9a)
where plane strain loading is assumed and the joint width b has been taken 
as unity.
The typical transverse stress distribution in the adherends is shown 
in figure 3.7, from which the total stresses at the adherend-adhesive 
interfaces are.
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at z, = t,/2 = T,/t,
a t  Z  2 = - t 2 / 2  0 2 x  »  T 2 / t 2  -  6 M z / t 2
or, in terms of total strain at these locations,
T,/(E*t, )
and E2X» (T2-6M:/t:)/(E%t2) . (3.9b)
Figure 3.8 show the typical adherend deformations for the double lap 
joint, by enforcing compatibility of displacements the following adhesive 
stress and strain relations are established,
f = (Ez,-E,,)/tg giving T'= Gc(E2,-Ei,)/ta (3.10a) 
also E = Wg/to giving a = EaWj/tg . (3.10b)
The equations for stress equilibrium 3.8, adherend load-deflection 
3.9 and adhesive-adherend compatibility 3.10 reduce to two coupled 
differential equations as follows.
Shear stress - from the definition for adhesive shear stress in equation 
3.10a and introducing equations 3»9b gives.
T' = Ga[ _1_ (Tz- & )  - _Ta_ ] (3.11a)
t g  E % t z  t g  E f t ,
differentiating and eliminating , T^i and T% using equations 3.8 gives.
e,[x ( 4  + 1 ) -
ta E?t, E^ t, E^ tl
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finally, differentiating and eliminating Vg using equation 3-8 yields the 
governing differential equation for adhesive shear stress,
Ga[ - 6Gqg . (3.11b)
tg E*tg E?t, Eftltg
Peel stress - from the definition for adhesive peel stress equation 3.10b, 
differentiating twice and introducing equation 3.9a gives.
ff"- -12EgM, (3.11c)
3 4- &2"2^ g
/differentiating and eliminating Mg using equations 3.8 gives.
ir"'= -12E. (V,- T t,) (3.lid)
E*tjta 2
finally, differentiating and eliminating Vg from equations 3.8 yields the 
governing differential equation for adhesive peel stress,
6Eg T - 12EgO . (3.lie)
Eftgtl Eftgt^
3.3.1 Boundary Conditions for the Double Lap Joint
The appropriate boundary conditions to define a solution for the 
governing differential equations 3.11b and 3*11e are given in this 
subsection. Because of the overall symmetry the double lap joint does not 
exhibit significant transverse deflection of the adherends, consequently 
the boundary condition bending moment M* and V* may be taken as zero; the 
double lap joint is a small displacement problem. Only in plane tensile 
forces are transmitted from the adherends to the overlap region, as shown 
in figure 3*9. From this figure the boundary conditions applied to the
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overlap region are,
at X =-c M , = 0  T, = V, = 0
Mg = 0 Tj = 0 Vz = 0
(3.12)
and at x = c M , = 0  T , = 0  Vi = 0
Mj = 0 T; = T* V; = 0
and overall equilibrium requires that,
TÎ = TÎ = 2  ( = P )  (5.13)b
From equations 5-11 and using the above relations 3»12 and 3.13, the 
adhesive boundary conditions are as follows.
6E
and at X = +0
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The final boundary condition for equilibrium of external forces is,
P « T dx . (3.14g)
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3«4 Linear Classical Theory for the Tubular Lap Joint
The classical mathematical theory to investigate the adhesive stress 
distribution between two thin walled overlapping tubes, loaded in axial 
tension, was presented by Lubkin and Reissner (49) 1956. It was assumed 
that the tubes were dissimilar and obeyed the ordinary linear theory for 
the bending and stretching of thin istropic shells. Similar to the plane 
lap problems, adhesive shear and peel stress is caused by differential 
straining and transverse deflections of the adherends. However, the 
tubular configuration is further complicated by differential radial 
displacements caused by tube hoop strains, which superimpose additional 
adhesive peel stress. Their theory derived three governing differential 
equations and the boundary conditions to describe the adhesive peel and 
shear stress distribution, however, a closed form solution to these has 
yet to be reported, and a numerical solution technique must be employed. 
The geometry, nomenclature and co-ordinate system for the tubular joint is 
taken from reference (49) and is shown in figure 3.1c,
•>A brief review of the fundamental equations for stress equilibrium, 
adherend load-deflection and compatibility of displacements is given here. 
The resulting governing differential equations and boundary conditions 
that were obtained by Lubkin and Reissner are cited in appendix 3- •
From the internal stress diagram shown in figure 3-10, the following 
equilibrium relations are established:
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in adherend 1 a, Tj'+ax =0
a, V^-N,+aa =0
a, Mj^ -a, V,+at,T/2 =0
(3.15a)
(3.15b)
(3.15c)
and in adherend 2 a,To-ax =0
=0
ajMj-ajV2+atzX/2 =0
(3.15d)
(3.15e)
(3.15f)
where Ti, Mi and Vi were defined previously in the single lap theory, and 
Ni is the hoop stress resultant. From the moment curvature equation,
wi'" = -Mi/Di = -12Mi/(Eiti" ) . (3.16a)
This equation represents the relationship between applied moment and the 
transverse (or radial) displacement but, as stated previously, the hoop 
strains Eei will superimpose an additional radial displacement given by.
Eel = Ni/(Eiti) - viTi/(Eiti) 
where the hoop strain is geometrically related to the radial displacement
E@i ~ -wi/ai
and therefore,
-wi/ai = Ni/(Eiti) -viTi/(Eiti) (3.16b)
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The adherend in plane strain (6^ )^;= ui is caused by the axial stress 
resultant Ti and the poissons ratio contribution of the hoop stress 
resultant Ni and is given by,
(E,T)r= ui' -Ti/(Eiti) - viNi/(Eiti) (i=1,2) (3.16c)
This load-deflection relationship is valid only at the adherend neutral 
axis, since bending actions will modify the total strain through the 
adherend cross section. These bending actions however, have no effect on 
the hoop strain component Eei, Lubkin and Reissner included the influence 
of adherend bending when considering compatibility of the adherend and 
adhesive deformations. These deformations are depicted in figure 3.11 and 
using the notation shown, the following relations for adhesive stress and 
strain are established in terms of the adherend deformations,
u, - u, » (u; + w^tz/Z) - (u,- wft,/2)
ta
giving T= Gç.[(u2+ w'ztj/Z) - (u,- w^ t, /2)] (3.17a)
t„
also E = w; - Wi giving CT = Ea(w2 - w, ) . (3.17b)
t Q t a
The equations for stress equilibrium 3.15, adherend load deflection 
3.16 and adhesive-adherend compatibility 3.17 have been reduced by Lubkin 
and Reissner to a set of three coupled differential equations. These 
equations, together with the boundary conditions are quoted from reference 
(49) in appendix 3.
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3.5 Introduction to the Numerical Solution 
of the Linear Classical Theories
Numerous closed form solutions for the single and double lap joints 
have been reported, see for example references (14), (15) and (20).
However, in each case the author has found it necessary to impose the 
simplification for identical, or balanced adherends, (except in those 
theories using the shear lag assumption). The theories presented in this 
chapter have considered joints with dissimilar adherends and under this 
condition a numerical solution is essential to impose the boundary 
conditions and solve the governing differential equations. A suitable 
method of solution was found to exist on the NAG (Numerical Algorithms 
Group) library of computer programs at the University of Surrey. This is 
a commercial package of routines to solve general mathematical and 
statistical problems in the science and engineering disciplines and is 
widely availiable to most scientific universities and other similar 
research institutes and industry. The routines of interest to this work 
are held in chapter 2 of the package and refer to the numerical solution 
of a set of first order differential equations. It shall be shown that a 
higher order differential equation may be expressed as an equivalent set 
of first order equations of the type required by the routine.
First attempts to solve the Lubkin and Reissner tubular joint theory 
used the routine NAG-D02ADF. This employs a 'shooting and matching' 
technique in which a good initial estimate of the unknown boundary 
conditions is required. Unfortunately, the solution using this routine 
was found to continually diverge. A communication with Gladwell (54) 
concluded that this was a consequence of the unknown boundary conditions 
-f being poorly defined and was probably further aggravated by the severe
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stress gradients encountered at the adhesive boundaries. It was then 
suggested that the finite difference routine NAG-D02GBF, which does not 
require an initial estimate of the unknown boundary conditions, may be 
more suitable. Subsequently, this has been used without trouble for the 
study of the primary configurations, using a linear adhesive response for 
work in chapter 3 and a nonlinear adhesive response for work in chapter 4» 
It is conjectured that this routine would be of value to other, more
refined analyses, that may incorporate adherend transverse shear and 
normal deformations.
Routine NAG-D02GBP is a fully automated subroutine, which when 
implemented, generates a mesh of points and sets up the finite difference
equations at each point. An initial estimate for the solution at the grid
points is automatically selected and from these a Newton iteration is 
perfomed to solve the finite difference equations. The accuracy of the 
solution is then improved to a satisfactory tolerance by the method of 
deferred correction, or the addition of points to the mesh, or by a
combination of both. Reference (55) provides a good introduction to the 
finite difference technique, otherwise, for specific information, the 
appropriate NAG documentation (56) should be consulted. The required 
programming to implement NAG-D02GBF for the linear single, double and 
tubular joints will be discussed in the following subsections.
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5.5*1 Implementation of Routine NAG-L02GBF to 
Solve the Linear Classical Theories
As mentioned previously the routine NAG-D02GBF requires the adhesive 
governing differential equations to be reduced to an equivalent set of 
first order equtions. This reduction process is described below using a 
general notation. From a linear differential equation of order n having 
the form,
d"y = f(x;y,^,^^_y, ....   (3.18)
dx" dx dx^  dx"-’
and allowing y, = y , y,= dy ,..,yn= d"y
dx dx""'
it may be seen that equation (3.18) is equivalent to the set of first 
order equations given by,
IZl “ 72 dx
“ y3dx
(3.19)
= f(x;y, ,yj ,..., y„ )
dx
where the unknown dependant variables (y, ,y^ satisfy equations
3*18 and 3«19« The same argument is followed for the adhesive
differential equations and, although these are coupled, it does not
complicate the reduction process. The dependant variables in this case
are the stress components ü and T , and their derivatives.
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Table summarizes the sources in this thesis for the governing 
differential equations and the boundary conditions relevant to each of the 
primary configurations.
Joint
Configuration
Governing Differential 
Equations
Boundary Conditions
SINGLE 3.4b & 3*4© 3.7a through 3*7g
DOUBLE 3.11b & 3.11e 3.14a through 3»14g
TUBULAR Appendix 3 Appendix 3
Table 3*1 Summary of the Governing Differential Equations and 
Boundary Conditions relevant to each of the Primary 
Configurations.
Two different approaches for the numerical solution of the primary 
configurations are necessary. These are described below in the solution 
approaches 1 and 2.
Solution Approach 1 - Relevant to the Single and Double Lap Joint
The single and double lap joint require an iterative application of 
the M G  routine, because for these joints, the boundary condition for 
horizontal equilibrium given by equations 3»7g and 3»14g can only be 
satisfied when the correct stress distribution is found. To overcome this 
difficulty an 'artificial' boundary condition is imposed. Thus, the 
finite difference analsis now uses the six boundary conditions 3»7a 
through 3«7f for the single lap joint, and 3»14a through 3«14f for the 
double lap joint; together with the artificial boundary condition. This 
artificial condition was chosen to be the shear stress value at x»-c, 
denoted by T , From an initial estimated value for t , all other boundary
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conditions are known and a solution is obtained for the differential 
equations using routine NAG-D02GBF. This solution will not satisfy the 
condition for equilibrium of external forces and a new value of f is 
selected and the analysis is repeated. During each iteration a simple 
function modifies T to ensure the solution converges to satisfy the 
equilibrium of external forces condition. Such a suitable function was 
found to be,
Tj =
T dx
j = number of iteration
where the term P/(fTdx) is a measure of the lack of convergence and the 
raised power is to help smooth the convergence process. A computer
routine was written in Fortran to solve these configurations; figure 3-12 
gives a flow chart to show the required programming and details of the 
iterative technique employed.
Solution Approach 2 - Relevant to the Tubular Lap Joint
The tubular lap joint which uses the Lubkin and Reissner theory may 
be solved directly, without iteration, using routine NAG-D02GBF. In this 
case the boundary conditions are all defined at the overlap edges. A 
computer routine was written in Fortran based on the flow chart shown in 
figure 3.13.
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3.6 Linear Finite Element Theory for the Primary Configurations
The finite element theory has been utilized to study the single and 
double lap joint as a plane strain continuum and to study the tubular 
joint as an axisymmetric body. As this theory is fully documented 
elsewhere, see for example references (46) and (57), only a brief 
description of the element used and the element stiffness formulation will 
be given here.
In brief, the finite element method discretizes a structure into an 
assemblage of individual elements 'finite elements,' each connected at 
common nodal points. The element stiffness matrix [ke] is formulated for 
each element from its geometry and material properties and is then used to 
assemble the overall structure stiffness [k]. The structure 
load-deflection relationship is given by,
|p] “ [k ]|^ } or by inversion, |5| = [k ] |p ) (3-20)
where |p] is a vector of applied forces at the nodal points. The solution 
of equation 3.20 yields the global displacement vector (6|, from which the 
element nodal displacement vector {5e| is extracted. The element stresses 
and strains caused by {5e| may then be found.
An eight node quadrilateral element was used for both the 
axisymmetric and plane strain problem. This higher order 'quadratic' 
element allows stress and strain variation across the element. This is 
useful to help represent the high stress gradients and localized 
concentrations of stress, typical in adhesive bonding problems. ^ 
Alternatively, very many lower order constant strain elements would have
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been required. Figures 3.14 illustrate a typical element ABCDEFGH under 
the plane strain and axisymmetric loading condition and gives the 
cartesian co-ordinate axis system for each problem.
For the plane strain continuum the components of stress are given
by,
|(j| — I Cfxx , CTyy , ,Ixy }
all other components are considered to be zero. The corresponding strains 
are,
1 ^ 1  ~  l ^ x x , ^ y y , ^ z 2 » ' l f x y î  
and similarly for the axisymmetric body,
jffj » I 0,:, Orr , Oq ,T,3 }
| e |  =  { ^ 2 z , ^ r r  , ^66 , % r z j
In the plane strain and axisymmetric bodies the displacement at a 
point is uniquely defined by the two independant displacements u and v in 
the x,y or z,r axis directions. The components of strain |e | are obtained 
from these displacements using the following relationships,
£  X X du/dx
E j « E y  y dv/dy
Ezz 0
Tf X y du/dy + dv/dx
for plane strain loading, 
Ezz= 0 and (Tzz ^  0 
( 3 .2 1 a )
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du/dz
or, ( e ) = Err = dv/dr
E ee v/r
_%rz . du/dr + dv/dz
for axisymmetric loading. 
0 and
(3.21h)
The relationship between the sixteen displacements for the eight 
node quadrilateral element and the corresponding internal forces is given 
by,
(Pej *= [ke]|6el
where the element stiffness [ke] may be derived as follows. Consider an 
element, the strain increment dje] at a point is related to the stress 
increment d|cr| by,
d|o} = [D]d|£} (3.22)
where [d ] is a matrix of elastic constants given by Hookes law.
The element strains are related to the nodal displacement increment by.
d|E} « [B]d[5eî (3.25)
where [b] is the strain-displacement matrix. Both matrices [d] and [b] 
are derived in appendix 4« The external virtual work due to the applied 
nodal load increment d|Pe| which causes a nodal displacement increment 
d{6e| is given by,
d|6e| d|Pe}
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and the element internal virtual work is given by, 
j'i|E{'d|o1d(Vol)
vol
equating the external and internal virtual work and introducing equations 
3«22 and 3°23 gives,
[Pei = f [B]"[D][B]d[5eîd(Vol) (3.24)
vol
where it may be seen that,
[ke] = f [B]'[D][B]d(Vol) (3.25a)
vol
For an element under plane strain loading the element stiffness is,
[ke] = t y  [B]"[D][B]d(Area) (3.25b)
area
where t is the element thickness and is usually taken as unity, or for 
axisymmetric loading,
[ke] = 2ity^ [B]^[D][B]rd(Area) (3.25c)
area
where r is the element radius.
Both equations 3»25b and 3»25c are integrated over the element surface 
area, this was performed using a reduced 2x2 numerical integration scheme, 
which is recommended in reference (57) for this element.
The formulation presented here is for a linear finite element 
analysis. This assumes the small deflection theory is valid and that a
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linear relationship between the applied loads and structure displacements 
is sufficient. This would only apply to the double lap and tubular joint, 
or the single lap joint under a strictly low applied load. To accurately 
analyse the single lap joint, a large displacement finite element program 
was written based on the initial stress method advocated by Zienkiewicz 
(46). The essential details of this method are described in appendix 5-
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CHAPTER 4
4«0 Development of Nonlinear Theories for the Primary Configurations
4 » 1 Introduction
The analyses presented in chapter 3 have investigated the primary 
configurations assuming a linear elastic adhesive response. However, it 
has been shown in references (15) and (41), and is generally accepted, 
that practical joints using typical structural adhesives will incur
/ considerable adhesive yielding as loading is increased to failure. The 
linear analysis can only provide the true stress distribution when a
brittle adhesive is used or the applied loading is very low.
In this chapter the linear theories developed in the previous 
chapter are extended to include adhesive yielding. Again, two analytical 
techniques will be employed to study each configuration. The first
technique uses a classical approach and includes the concepts proposed by 
Hart-Sraith in reference (15) for an elastic-perfectly plastic adhesive 
response. The second technique modifies the linear finite element theory 
to permit a nonlinear stress-strain law. The theory of Hart-Smith was 
briefly introduced in section 2.4-2 when reviewing previous work and a 
discussion in greater depth is now given.
It is assumed by Hart-Smith, and will be verified experimentally in 
chapter 5, that the characteristic stress strain curve for an epoxide 
adhesive shows considerable plastic yielding and may be reasonably
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idealized as a linear elastic-perfectly plastic material, as illustrated 
in figure 2.6. Hart-Smith has shown analytically that the adhesive 
idealization is not important to predict 'failure load* and that any two 
straight line characterization of the shear stress-strain curve which has 
the same failure strain 'îfp and strain energy to failure as the true curve 
may be used. However, for the true stress distribution, the idealization 
shown in figure 2.6 should be used.
From figure 2.6 the adhesive stress-strain laws to be imposed are:
in the elastic region t = (4.1a)
and in the plastic region T=Tp
0 . (4.1b) /
Hart-Smith incorporated these two independant stress-strain laws 
into the usual stress equilibrium, adherend load-deflection and 
compatibility relations to give independant governing differential 
equations for the elastic and plastic regions, A solution is sought to 
these differential equations which satisfies the usual boundary conditions 
and also ensures continuity of adhesive strains at the elastic-plastic 
boundary.
These objectives will be undertaken here for the primary 
configurations using the numerical finite difference routine NAG-D02GBP 
employed in an iterative computer program. Details of the theory and the 
computer program to give the nonlinear adhesive stress distribution and 
thus a prediction of ultimate load capacity for each configuration is 
presented in the following text.
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4.2 Nonlinear Classical Theory for the Single Lap Joint
The governing differential equations 3.4h and 3*4e, which describe 
the linear elastic adhesive stress distribution for the imbalanced single 
lap joint, are a pair of coupled equations having a total order of seven. 
To solve this system of equations as a nonlinear problem in the format 
outlined by Hart-Smith would be practically impossible. If however, 
attention is confined to the balanced joint, the coupling terms vanish and 
the equations simplify considerably; this was undertaken in section 3»2 
to obtain the Goland and Reissner equations 3*5. It is now possible to 
consider only the differential equation for shear stress which is of a 
relatively low order three.
Reproducing equation 3«5a gives the linear elastic differential 
equation for adhesive shear stress as,
8Ga( _L ) t" . (4.2a)
t« E*t
The corresponding perfectly plastic differential equation is obtained from 
equation 4.2a and imposing the conditions set in equation 4.1b to give,
I = 0 (4.2b)
Alternatively, the differential equations 4.2 may be rewritten in terms of 
shear strain in the form.
8_( J_ ) (Qo%') (4.3a)ta B»t
0 . (4.3b)
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for the elastic and plastic regions respectively.
The reason for obtaining a solution in terms of the shear strain, 
using equations 4»3, was reported by Hart-Smith and is evident from figure 
2.6, which shows the typical nonlinear adhesive shear stress and shear 
strain distribution for the single lap joint. This allows continuity of 
shear strain If and its derivatives and to be enforced at the 
elastic-plastic boundary. Figure 2.6 also shows the plastic region AX to 
BX, and the elastic region BX to CX, which are to be treated as separate 
analysis problems. Boundary conditions are imposed at AX and CX with 
common boundary conditions, or strain continuity requirements at BX. Due 
to the symmetry of this problem only one half of the overlap is analysed.
At the ultimate load, the plastic strain limit Tfp is reached and the 
three boundary conditions necessary to define a solution to equations 4.3 
are.
at AX (x— c) ï = 1fp (4,4a) (requirement to determine
the ultimate load )
If = - (T®+ 6M^)( 1 ) (4.4b) (from eq 3»7a)
t ^ot
and at CX (x = O) K « 0 (4.4c)
where T^ and M* are the tension and moment resultants applied to the 
overlap edge, and are defined in appendix 1. Furthermore, continuity at 
the elastic-plastic boundary requires three further conditions to be 
satisfied, namely,
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where the suffix AB refers to the plastic strain or its derivative at 
location BX and, similarly, suffix BC refers to the elatic quantity at BX. 
The elastic limit strain is given by ïe.
It will be appreciated that in the above discussion the location BX
is unknown and is to be determined as a part of the analysis. The 
location of BX is given once the conditions 4-4 are satisfied, together 
with the requirement for equilibrium of external forces. From equation 
3.7g this is given by,
P « JT dx (4.5)
The solution algorithm is relatively straightforward and is 
explained below as a sequence of steps:
STEP 1 an estimate of the ultimate load (Pult) is made to 
provide the resultant forces T® and M^ , which are required for 
the boundary condition 4.4b;
STEP 2 the location BX is varied, say, incremented from AX 
toward CX. At each location a plastic solution using equation
4.3b with boundary conditions 4.4a, 4.4b, 4.4d; and an elastic
solution using equation 4.3a with boundary conditions 4*4c, 
4.4e, 4.4f is obtained;
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STEP 3 step 2 is repeated until the shear strain Tfgcfrom the 
elastic solution is approximately equal to the elastic limit 
strain Ye, i.e. = Ye. At this stage the required continuity
and boundary conditions in equations 4.4 satisfy the governing 
elastic and plastic differential equations;
STEP 4 the ultimate load is sought that satisfies the final
boundary condition 4.5,
Pult = T dx -cif this is approximately satisfied then the correct solution is 
achieved. Otherwise, the ultimate load is suitably modified and 
the sequence from step 1 is repeated.
A computer routine was written in Fortran to solve the above procedure. 
The flow chart to outline the necessary program steps is shown in figure
4.1 .
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4.3 Nonlinear Classical Theory for the Double Lap Joint
The governing differential equations to describe the linear adhesive 
stress distribution for the imbalanced double lap joint are given by 
equations 3*1 It and 3.11e» From these it may be seen that they are 
coupled and remain so, even for balanced adherends. Furthermore, they are 
of a total order seven. To implement these equations in a nonlinear 
classical theory would be impractical for those reason that were expressed 
in section 4.2 for the single lap joint. Since equations 3*11 are 
permanently coupled an alternative approach was adopted by using the 
simple shear lag theory that was first presented by Volkersen (12) and 
other workers (13) and (39). It will be shown in later work that the 
shear lag analysis does provide an acceptable shear stress distribution 
for the imbalanced double lap joint, even though adherend bending is 
ignored. The geometry and nomenclature for the full and shear lag 
representation of the double lap joint are shown in figure 4.2.
A theory is now formulated for the imbalanced shear lag problem to 
derive the elastic and plastic governing differential equations for 
adhesive shear strain. The internal stress equilibrium diagram is shown 
in figure 4*3 and the following equilibrium equations are established,
Tg -  T  = 0 (4.6a)
T f  +  T  = 0 (4.6b)
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and from overall equilibrium considerations,
T, + Tj = P/b (4.6c)
where b is the adherend width. Since this theory will be used in later 
work for the tubular joint, the width shall not be taken as unity.
The adherend stress-strain laws yield the linear relations,
EfE,.- T,/t, = (4.7a)
E?E,.= T,/t: (4.7b)
and for the adhesive,
= GaY (4.8a) for a linear elastic material
T = T p  (4.8b) for a perfectly-plastic material
Enforcing compatibility of adherend and adhesive deformations give the 
adhesive shear strain as,
Y  =  ( ^ 2x - ^ ] x ) / t a  ( 4 * 9 )
Combining equations 4*6 through 4*9 give the following governing 
differential equations for adherend and adhesive stress (and strain) 
distribution:
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in the elastic region,
to (
1 +
Eft,
1 )Ozi - PGo -O2, ~ 0
Eft; Sft.tztq
(4.10a)
to
( sft, " 1 )o,*- PGn -dl* = 0sftz Eftjtzta
(4.10b)
ta
( 1 ) Y - Y - 0 Eft, (4.10c)
in the! plastic region.
- Tp =0 (4.11a)
t,o;. + Tp =0 (4.11b)
±  ( 
to
_L_ + JL ) Tp -y'= 0 ETt, Eft; (4.11c)
Prom simple statics the boundary conditions for the overlap region are,
at X = -c cj,^= » _p.
t, bt,
and at X = +c dix= 0
02,:= T^ = P
(4.12a)
(4.12b)
tz btz
Figure 4*4 shows the typical nonlinear stress distribution in the adherend 
and adhesive for the imbalanced double lap joint. It may be seen that 
predominant yielding will occur in the adhesive, at the extremity from 
which the less stiff adherend extends.
The adherend boundary conditions given in equations 4.12 may be 
expressed as adhesive boundary conditions by using equation 4*9 to give,
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at X = -0 - P (4.15a)
bt,t„E?
and at X - +c Y - P (4.15b)
bt^taEf
In addition, continuity requires that the shear strain If and its 
derivative Y are continuous at BX as shown in figure 4.4, that is,
'l^AB ”  ^e (4.14a)
and 'IfAB ” "If Bc (4.14b)
where the suffixes AB and BC were defined in section 4.2, and Ife is the 
elastic shear strain limit.
A solution algorithm will now be given to enable the governing 
differential equations 4.10 and 4.11 to be solved for the boundary and 
continuity conditions. The solution is based on the geometry shown in 
figure 4-4, which requires that predominant adhesive yielding occurs on 
the left hand side. In the computer model the geometry is input to ensure 
that the less stiff adherend corresponds to adherend 1. The boundary and 
continuity conditions to be enforced are summarized below,
the ultimate load) 
(4.15b) (from equation 4»15a)
at AX (x*=-c) If = If p (4.15a)
% p
bt,toEt
and at BX A^B  ^BC ” (4.15c)
(4.15d)
and at CX = 0 (4.15e)
where it will be appreciated that both locations BX and CX are unknowns.
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As for the single lap joint, the plastic region AX to BX, and the 
elastic region BX to CX, are treated as separate finite difference 
problems. The following sequence of steps outline the solution procedure:
STEP 1 an initial estimate of the ultimate load (Pult) is made 
to enable the boundary condition 4.15b to be found;
STEP 2 the location BX is incremented from AX. At each
position a finite difference solution is performed on the
plastic differential equation 4*11c, using the boundary 
conditions 4.15b and 4.15c. The correct location for BX is 
given once the condition 4.15a is satisfied;
STEP 3 the location CX is now incremented from BX. At each
position a finite difference solution is performed on the
elastic differential equation 4.10c, using the boundary 
conditions 4»15c and 4»15©. The correct location for CX is 
given once the condition 4»15d is satisfied;
STEP 4 a solution has now been found, but this is not
necessarily correct since the boundary condition 4*15b depends
on the initial estimated load. A solution is sought to satisfy
the condition for horizontal equilibrium of external forces, 
that is.
Pult = A  T dx
If this condition is approximately satisfied then the correct 
solution is achieved. Otherwise, the ultimate load is suitably
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modified and the sequence from step 1 is repeated.
From this procedure a flow chart similar to that for the single lap 
joint in figure 4.1 was constructed, and a computer program was written in 
Fortran. These are not presented here.
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4»4 Nonlinear Classical Theory for the Tubular Lap Joint
The complexity of the Lubkin and Reissner theory (49) for the 
tubular lap joint renders this intractable to the treatment given to the 
nonlinear single and double lap configurations. Sazhin (13) has given a 
linear shear lag theory for the double lap joint and proposes that it may 
also be appropriate to the tubular configuration. It is therefore 
reasonable that the nonlinear shear lag theory developed in section 4.3 
may, with suitable modifications, be applied to the tubular joint.
When using the nonlinear shear lag theory given in section 4*3 to 
approximate the tubular joint, the following points should be noted:
1) the joint width b now represents the circumference of the 
tubular joint about the midpoint of the glue line;
2) the condition of plane strain loading is ignored;
3) the adherend stiffness are modified to account for the curved 
geometry of the tubes, it may be readily shown that the modified 
values are given by,
Et = a,E,/a and st = ajEî/a
where a,, ag and a are the inner adherend, outer adherend and 
adhesive centreline radius respectively, and B,, Eg are the true 
adherend stiffnesses.
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It should also be noted that from a geometric consideration of the 
('' f tubular joint, the inner tube having the lower cross sectional area will, 
most likely, have the least area stiffness. Consequently, adhesive 
yielding will be most evident at the free face from which the inner tube 
extends. In this case, the inner tube should correspond to adherend 1 in 
figure 4.4, when using the procedure outlined in section 4.3.
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4«5 Nonlinear Finite Element Theory for the Primary Configurations
The finite element theory presented in chapter 3 assumes that for a 
given load increment there is a linear relationship between the increment 
of strain and the increment of stress. However, the problems under study 
in this chapter permit adhesive yielding. This section will consider the 
necessary modifications to enable the finite element theory to include a 
nonlinear stress-strain law for the adhesive.
It will be assumed that the adhesive behaves as a ductile material 
whose yield surface may be described by the Von Mises yield criterion. 
From considerations of the distortion energy required to cause permanent 
or plastic deformation in an element, the criterion that Von Mises 
concluded states that yielding will begin under any state of stress when 
the effective stress â exceeds the uniaxial tensile yield stress where,
s “ ( 3(OV2  + 3(C',',)V2 + 3(oijV2 + 3(T/y + T,',+TL))^ (4.16)
/ 'The stresses denoted by primes are the deviortoric components given by,
(^ xx"^  ^yy*'*^ z:^ /3, etc.
It will be noted in equation 4.16 that the effective stress ff 
depends only on the deviortoric and shearing stress components. Von Mises 
considers these to be the only stresses that may produce permanent 
deformation and that a hydrostatic stress may only cause an elastic 
volumetric straining. Although the Von Mises criterion has been verified 
experimentally for ductile metals, reference (58) has shown that polymer 
materials will undergo plastic deformation under a sufficiently high
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hydrostatic loading and, accordingly, have proposed a modification to the 
original equation.
An investigation using the finite element program to he described 
here, with the original and modified Von Mises criterion, found the two 
elasto-plastic solutions for a single lap joint to be practically
identical. This would indicate that the effect hydrostatic stress has on 
yielding is negligible in comparison to the deviortoric and shearing 
stress components in the adhesive layer. For this reason the nonlinear 
finite element formulation to be discussed here will be based on the
original Von Mises criterion, as are the numerical results to be presented
later in this thesis.
The Von Mises yield surface may be interpreted in three dimension 
principal stress space and is shown in figure 4«5, the envelope represents 
all possible states of stress that satisfy the yielding condition 
A state of stress outside the envelope is not possible and plasticity flow 
rules have been postulated to ensure that, during yielding, the stresses 
remain on the yield surface. The Von Mises criterion 4*16 may include the 
generality for strain hardening, however, it will be shown experimentally 
in chapter 5 that the adhesive does approximate an elastic-perfectly 
plastic material, and this stress-strain law will be assumed in the 
following formulation of an elasto-plastic finite element theory.
As a starting point for the nonlinear analysis, the load to cause 
initial adhesive yielding must first be found. This is obtained from a 
linear analysis by locating the point of maximum effective stress in the 
adhesive and factoring the linear load to satisfy the Von Mises criterion. 
Any further increase of loading requires an expression to determine the
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elasto-plastic stress increment djd] for a given total strain increment 
djs}, where the total strain now comprises of both elastic and plastic 
components. The required relation is,
d(tij = [Dep]d|c} (4.17)
where [Dep] is the elasto-plastic matrix and is derived in appendix 6 for
the general three dimensional state of stress. This matrix is analogous
to the usual linear elasticity matrix [d] but is valid beyond the
proportional limit. Equation 4.17 must be solved using an iterative
technique since the matrix [Dep] is a function of the total stress 
The initial stress method which was described in chapter 3 and appendix 5, 
was again used for this purpose. The required solution was achieved when 
the total stress {ff| is insignificantly changed for successive iterations, 
or the out of balance force is considered to be sufficiently small.
Both geometric and material nonlinearity have been combined in the 
initial stress method to study the single lap joint.
Owing to the limitations of space and the numerous references
availiable on this subject, only a brief introduction to the material 
nonlinear finite element method has been possible here. For a more
complete treatment, references (46), (47) and (57) are recommended and in
particular, Adams(27) has given a rigorous description as applied to 
adhesive bonded joints.
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Fig 4.1 : Flow Chart to Analyse the Nonlinear Single Lap Joint 
using an Iterative  Application of Routine NAG-D02GBF
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CHAPTER 5
5»0 Experimental Techniques and Results
5.1 Introduction
A number of analytical techniques have now been established in 
chapters 5 and 4 to provide the linear and nonlinear adhesive stress 
distribution for the primary configurations. In order to apply these 
theories to a practical jointing problem, a knowledge of the constituent 
adhesive and adherend mechanical properties is required. Whilst these 
properties are readily obtained for the adherend material using a standard 
test procedure, the situation is less satisfactory for the adhesive, as no 
unified test method is currently available to provide the desired 
parameters, in either the British or the American standards.
As a part of the experimental work in this thesis a test procedure 
was developed to obtain the adhesive mechanical properties for some 
typical epoxide resin adhesives.
Having established the required mechanical data, it was then 
possible to undertake a limited parameter study in order to assess the 
ability of the nonlinear classical theories to predict ultimate load. The 
theoretical prediction was compared with experimental results using single 
and double lap joints. In an attempt to rigorously test the theories and 
to provide a better understanding of the behaviour of bonded joints, a 
wide range of geometric and material parameters were included in these
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studies. In particular, two of the typical adhesives which were tested, 
and found to have contrasting yielding characteristics, were used in this 
study.
A current jointing problem to be considered here is the development 
of a simple and structurally efficient end grip to allow the 
interconnection of F.R.P tubular sections.
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5.2 The Epoxide Resin Adhesives to be Tested
The development of a test procedure and the experimental testing of 
some typical epoxide resin adhesives, to obtain their mechanical 
properties and yielding characteristics, will be described in this 
section. Only the group of adhesives known as 'epoxide resins' are 
considered, since it is generally accepted that these have the best 
performance for the structural bonding of metals and F.R.P materials. 
They are therefore most suited to the bonding problems to be investigated 
in this research topic.
Five adhesives were selected for testing and these are detailed in 
table 5«1. These were regarded as being a representative sample of the 
commercially available, room temperature cure, epoxide resin adhesives; 
with the exception of the Permabond ESP 301 which is a one part hot cure 
system.
Adhesive
Reference
Number
Manufacturer Trade Name Quoted Ave Shear 
Strength ASTM- 
1002-72 (N/mm*)
Curing
Schedule
1 Ciba-Geigy 2001 29 Room Temp
2 Giba-Geigy 2005 29 Room Temp
3 Permabond E15 27 Room Temp
4 Ciba-Geigy 2004 17 Room Temp
5 Permabond ESP 301 N.A. Hot(l30°C)
Table 5*1 Adhesives Selected for Mechanical Testing.
The exothermic reaction necessary to initiate hardening of the 
^ Permabond 301 adhesive is caused by a temperature region at 130°C and so 
a curing schedule of 12 hours duration was undertaken at this temperature.
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The other four adhesives are two part room temperature cure systems. In
these, the exothermic reaction is initiated immediately the two
constituent parts are mixed and a common curing schedule of 12 hours at
room temperature, followed by a post cure of 12 hours at 100*G, to fully 
develop adhesive strength, was used. For each adhesive the manufacturers 
instructions were followed for the mixing and application.
An emphasis is deliberately placed here on the testing of two part 
room temperature cure adhesive systems, since these are most likely to 
find applications in the Civil Engineering industry.
3.2.1 Preliminary Work for Adhesive Testing
Manufacturers of adhesives rarely quote detailed mechanical data for 
their products in the literature and will usually only provide the average 
shear strength from the simple lap shear test, according to BS 
5350-PtC-76, or ASTM D1002-72. These values for the five adhesives are 
given in table 3*1. This information is inadequate for any analytical 
solution to the problem as outlined in chapters 3 and 4* Consequently, 
the researcher must develop his own testing procedures to determine the 
desired mechanical properties.
The mechanical testing of an adhesive may be performed on either a 
bulk specimen, which would be cast to the required shape, or on the 
in-situ adhesive layer between metal adherends. The advantage of the bulk 
specimen test is the simplicity of sample fabrication and testing since 
the measurement of strain requires only standard strain measuring 
equipment. This is contrary to the in-situ test which is difficult to
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perform and requires specialized techniques for strain measurement.
Early attempts to obtain the mechanical properties of an adhesive, 
used a thin film bulk specimen, approximately 100x10x3mm thick. The film 
was cast in a mould and excess air voids were extracted by placing it into 
an evacuated atmosphere. After curing, the film was cut into strips for 
strain gauging and tensile testing. Unfortunately, results were poor, 
particularly when attempts were made to obtain information on the yield 
behaviour at a high level of loading. Bulk specimens are prone to shatter 
due to stress concentrations at voids and surface flaws, which result in a 
premature catastrophic failure. It was concluded that the bulk specimen 
test might provide the mechanical properties at a low load level, 
representative of the linear range. However, this test cannot estimate 
the true yielding behaviour or the properties in that range. Furthermore, 
it is doubtful if a stress-free bulk specimen is representative of the 
material to be found in an adhesive layer between adherends, where the 
mechanical properties may be modified by the internal forces of adhesion.
The mechanical test should aim to simulate those conditions to be 
expected for an adhesive in an actual joint, in service. For these 
reasons, the bulk specimen test was abandoned in favour of the shear and 
the tensile Napkin Ring test.
3*2.2 Background Information on the Napkin Ring Test
The possibilities of using a Napkin Ring test to obtain the adhesive 
shear properties were first discussed by BeBruyne (59) 1951* This test
consists of two co-axial cylinders, which are bonded together. By
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applying a torque to one cylinder, an approximately uniform state of shear 
stress is developed in the adhesive. To obtain the mechanical properties 
in shear the relative displacement across the adhesive layer, between the 
two cylinders, must be measured. Due to the thinness of the glue line 
these measurements cannot be taken directly and the usual procedure is to 
measure strains over a gauge length of typically 10mm. From a comparison 
of load extension curves for specimens with, and without a bondline, the 
adhesive strains may be found. Using a similar procedure, the Napkin Ring 
test may also be loaded in tension to provide the tensile mechanical 
properties although care must be taken to ensure that eccentric loading 
does not occur. This will be examined further in section 5*3»
The Napkin Ring test has been discussed in detail and experimental
results given for some adhesives by Kuenzi and Stevens (34) 1963, Bryant
and Dukes (60) 1965, Humpidge and Taylor (61) 1967 and Bossier, Franzblau
and Rutherford (62) 1968. The first mentioned authors also consider the
Napkin Ring test loaded in tension where they use a number of glue lines 
in one specimen to exaggerate the total adhesive deformation. Table 5*2 
summarizes the methods of strain measurement used by each of the above 
authors.
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Authors
Methods of Strain Measurement
Shear Tension
Kuenzi and 
Stevens (34)
Tuckerman Optical Strain Ga 
(resolution = 1x1 Clinches)
uges
Bryant and 
Dukes (60)
1No Strain Measurements, but give a nominal 
strain rate = relative adherend velocity
glue line
this assumes no strain in it
thickness 
lachine or linkages.
Humpidge and 
Taylor (61 )
Interested in Ultimate 
Load only N.A
Bossier 
Frazblau and 
Rutherford (62)
Air Gap Capacitance 
Type Extensometers 
(Resolution = IxlO^inches)
N.A
Table 5-2 Previous Investigators using the Napkin Ring Test and 
the Methods of Adhesive Strain Measurement used by 
the Authors.
A noteworthy review covering all aspects of adhesive testing has been 
published recently by Renton (63) 1978.
3.2.3 Development of a Napin Ring Test to
Determine the Adhesive Shear Properties
In order to utilize the nonlinear classical theories, the adhesive 
mechanical properties to be sought are the shear parameters Go, and p^. 
For the more rigorous finite element analysis, the tensile parameters Eq, 
Ee and ^p would also be needed. This requires the test method to give a 
continuous stress strain curve to failure. The use of strain measuring 
devices, such as strain gauges, which record only at specified time 
intervals, is inappropriate since essential information near the yield and 
failure point would be lost. Considering this requirement and the 
restrictions imposed by the avaliability of equipment, the following test 
procedure was developed to obtain the adhesive shear properties.
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The Napkin Ring specimen was designed with a threaded end such that 
it could he loaded in either shear or tension. In each case a simple end 
attachment was fabricated to transfer load from the appropriate loading 
machine to the Napkin Ring. To prevent jamming in the thread once the 
shear test was complete, the attachment was designed as a two part 
assembly with a central spindle threaded to an outer collar. After 
testing, the latter part could be unscrewed from the former leaving the 
Napkin Ring free.
The allowable cross section, or bond area, for the Napkin Ring was 
pre-determined by the maximum torque capacity of 30Nm for the 
'Tecquipment' torsion testing machine and by the expected strength of the
adhesives to be tested. Also, as it was intended to use an L.V.D.T
through the centre of the Napkin Ring to measure axial displacement in the
tensile test, the internal diameter of the Napkin Ring had to be 15*87mm 
(5/8"). From these considerations, a wall thickness of 1.6mm (1/16") was 
chosen, giving a total bond area of 87.10mm^. The Napkin Ring specimens 
were machined from 25.4mm (1") outside diameter and 4.76mm (3/16") wall
thickness aluminium tubing HT30TF to BS1471, according to the dimensions 
shown in figure 5.1.
The torsion machine was originally designed for manual loading only, 
but was adapted for this test to be driven electrically and suitably 
geared to provide a slow constant rate of loading.
The continuous stress and strain measurements for the adhesive were 
provided by two Linear Variable Displacement Transducers (L.V.D.T), which 
have an infinite resolution, although practical limits are set by noise 
and the accuracy of the complementary equipment. The L.V.D.T arrangement
/7
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is shown clamped to a test specimen in plate 5«1* Where it may he seen 
that each L.V.D.T holder consists of two component parts, one part holding 
the L.V.D.T and the other forming a backplate for the displacement piston. 
Displacements measured by the L.V.D.T represent the relative displacement 
of the two component parts and may be related to the circumferential 
displacement of the specimen between the two clamping screws, set 10mm 
apart.
Plate 5"1 shows that two independant L.V.D.T's are used. The first 
measures Napkin Ring shear strain and the second is attached to a hollow 
mild steel tubular section of 19.05mm (3/4") outside diameter and 1.5mm
(1/15") wall thickness. This acts as a simple load cell and the
transducer displacements are calibrated to record applied torque.
The accuracy of the L.V.D.T and holder for strain measurement was
first verified by using the one piece specimen, or 'calibration specimen,* 
which was strain gauged as shown in figure 5.2. This provides a standard 
test to determine the shear strain for an applied torque and is often used 
to find the shear modulus for an isotropic material. Further details are 
given in reference (64). A comparison of the strain gauge and L.V.D.T 
measurments for shear strain with applied torque is shown in figure 5*3 
and reveals that the difference in the recorded strains is less than 3^ 
for the two techniques. Almost certainly, the L.V.D.T readings are low
due to some mechanical slack being taken up during the initial loading.
This may be eliminated by ignoring the initial part of the
load-displacement curve and extrapolating the linear portion backward to 
reposition the origin. A continuous record of the transducer 
displacements was provided on a Bryan XI plotter. The complete torsion 
testing apparatus, together with strain measuring instrumentation, is
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shown in plate 5*2.
/
5.2.4 Sample Preparation, Testing and Results
for the Napkin Ring Shear Test
The Napkin Ring specimens were subject to a surface pretreatment 
consisting of an abrasive clean with 200 grit paper, followed by a 
[ degrease soak in 1.1.1 Trichloroethane (%nhibsol) for fifteen minutes. 
Prior to this, any residual adhesive from previous testing would have been (f^ 1 chemically removed by a soak in Dichloromethane for approximately 1 hour.
The prepared specimens were then bonded using a centering mandril to 
ensure alignment of the two Napkin Rings. This assembly is shown in plate 
5.3. The mandril was designed in two parts, in order to allow a fillet to 
form during the bonding operation and to allow the mandril to be extracted 
after curing without damage to the fillet or glue line. The required 
adhesive thickness was achieved using wire spacers of 0.1mm diameter inset 
during bonding. After the initial cure, the mandril was extracted and the 
fillets removed using a 5/8" reamer internally and a sharp cutting tool 
externally. Finally, the specimens were postcured.
It is important that the calibration specimen is subjected to the 
same curing schedule as the bonded specimens as this ensures that they are 
all in the same heat treated 'softened' condition. For this reason 
specimens were prepared in batches containing six bonded and one 
calibration specimen.
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The five adhesives were each tested using a hatch of three
specimens. Within each batch an excellent agreement for the shear
stress-strain curve was found in the elastic and initial yield region.
However, the value of ultimate shear strain at which failure occured did
differ by up to 20^ in the batch. This variation was attributed to local 
inconsistencies at voids or flaws in the glue line, which caused the 
slightly erratic failure load. The mean curve for each adhesive is taken 
from the batch of three specimens and are presented in figures 5*4 and 
5.5* For convenience the five adhesives are divided into two groups:
a) the first group contain the 'relatively flexible' adhesives 
(numbered 1,2 and 3 in table 5.1) and are shown in figure 5.4;
b) the second group contain the 'relatively stiff' adhesives 
(numbered 4 and 5 in table 5*1) and are shown in figure 5.3.
5.3 Tensile Testing of the Napkin Ring Specimen
The Napkin Ring specimen described in section 5*2 was designed to be 
capable of axial loading to determine the adhesive mechanical properties 
in tension. The measurements of strain were obtained using an L.V.D.T 
located internally through the bonded, or calibration, Napkin Ring 
specimen.
The L.V.D.T was held in an end fitting that transferred load from 
the tensile testing machine to the threaded Napkin Ring. The opposing end 
fitting was similarly designed and, in addition, functioned as a pressure 
plate for the transducer piston. The tensile testing machine was a JJ
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Instruments T20K model, and the rate of loading was Imm/min. Upon
loading, the transducer registers a displacement between the two threaded 
portions of the Napkin Ring. The intention of this arrangement, with one 
central L.V.D.T, was to measure only axial strains. Early testing, 
however, revealed the presence of very high bending strains, which caused 
a combined tension and bending state of stress in the adhesive layer. It 
is believed that the source of this unwanted bending is that the opposing 
threads of the Napkin Ring were out of true with the direction of the 
applied loading. This is either as a consequence of the bonding
operation, or because of insufficient precision in the manufacture of the 
component parts. A centering mandril, shown in plate 5-3, was used to try 
and maintain alignment. Similarly, it was not possible to load the 
calibration specimen in pure tension because the opposing threads could 
not be cut sufficiently true. The severity of ® this bending was
demonstrated by strain gauging the calibration specimen at 120° intervals 
around its circumference. Upon loading, microstrain readings in the order 
of 250+50 were produced, the deviation being due to bending actions.
In an attempt to resolve this problem, further specimens were 
fabricated to a new design shown in figure 5«6, where loading was applied 
via an internal thread. It was felt that this would be less likely to 
cause bending than the previous, larger, external thread. To ensure 
alignment during the bonding operation, the new specimens were cured
within a close fitting 25mm internal diameter steel tube. Plate 5.4 shows 
the loading arrangement and details for the strain measurement. The 
component parts that enable loading of the new Napkin Ring and the
specimens themselves, were machined to the highest practical tolerance in 
the Civil Engineering department workshops. The results were again poor, 
with only a minimal reduction in bending effects.
Experimental_____________  Adhesive Testing__________________  122
It became apparent that considerable development work would remain 
to be undertaken to achieve a satisfactory moment free loading device and, 
consequently, this test was abandoned.
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5»4 Experimental Parameter Studies for the Testing to 
Failure of Single and Double Lap Joints
In this section experimental parameter studies on single and double 
lap joints are undertaken in order to assess the nonlinear classical 
theories. In an attempt to 'stretch' the theories and to provide a better 
understanding of bonded joints, a number of parameter studies were 
examined using aluminium and F.R.P adherends. Two of the adhesives tested 
in section 5.2, which were found to have contrasting yielding 
characteristics were used in these studies. The Ciba Geigy 2005 and 2004 
adhesives were selected and are typical of the flexible and stiff 
categories respectively. A summary of the parameter studies is given 
below:-
Study 1 - 2005 adhesive 
Study 2 - 2004 adhesive 
Study 3 - 2005 adhesive
v5^ study 4 - 2004 adhesive '
Study 5 - 2005 adhesive -, 
^ Study 6 - 2004 adhesive J
- balanced single lap joint with
 ^1.6mm thickness aluminium adherends.
- balanced single lap joint with 
2.0mm thickness aluminium adherends.
- balanced single lap joint with 2.3mm 
thickness bi-dir C.F.R.P adherends.
Study 7 - 2004 adhesive .........  balanced double lap joint with 1.6mmthickness outer aluminium adherends.
From this it may be seen that the majority of testing was undertaken for 
the single lap joint, with only a limited study for the double lap 
configuration using the stiff 2004 adhesive. It was hoped to extend this 
latter study to include the flexible 2005 adhesive, but to achieve an 
adhesive failure in such a joint with aluminium adherends and a moderate 
length of overlap, would have necessitated a central adherend thickness in 
excess of 10mm. This required a larger tensile testing machine than was
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available, in terms of both jaw and load capacity.
To supplement studies 1 through 7 two additional experimental 
studies were taken from reference (41) for the single and double lap 
joint. These studies, numbered 8 and 9 below, use uni-directional C.P.R.P 
adherends and a moderately flexible epoxide adhesive API 27/5 produced by 
the 5M company.
Study 8 ...  balanced single lap joint with 2.0mm thickness
uni-directional C.E.R.P adherends.
Study 9 ...  imbalanced double lap joint with 2.0mm thickness outer and
2.0mm thickness inner uni-directional C.P.R.P adherends.
The following sections will discuss sample preparation, fabrication and 
testing for studies numbered 1 through 7»
5.4.1 Joint Preparation and Fabrication
The adherend material for the parameter studies numbered 1 through 7 
was cut from either an aluminium sheet HS50TP to ESI 470, or from a 
bi-directional C.P.R.P laminate constructed using 5K twill weave cloth 
with Ciba Geigy XD927 epoxide matrix. The joints were fabricated to the 
dimensions set by ASTM D1002-72, shown in figure 5*7.
Prior to bonding, the adherend surfaces were given a pretreatment 
identical to that for the Napkin Ring test, which consisted of an abrasive 
clean with 200 grit paper, followed by a degrease soak in 1.1.1 
Trichloroethane for fifteen minutes. Por the C.P.R.P material, the 
bonding faces were roughened with 200 grit abrasive paper and given a
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Ketone wipe with 1.1.1 Trichloroethane to remove any surface debris or 
residual demoulding compound.
A special jig shown in plate 5.5 was used for the bonding operation. 
This ensured that the joints were correctly made and that a bond line 
pressure of 1 Ib/sq" could be evenly distributed during the initial 
adhesive hardening stage. A uniform glue line of 0.1mm thickness was 
achieved by using wire spacers inset at regular intervals. The curing 
schedule used was the common schedule outlined in section 5.2.
Once the initial cure stage was complete the joints were removed 
from the jig. Excess adhesive was cut from the overlap sides and fillets 
and the joints were finally postcured prior to testing. The experimental 
parameter studies examined the influence of overlap length on the joint 
failure load. A batch of three specimens were made for each of the 
different lengths of overlap that were tested. /
5.4.2 Joint Testing to Failure
Tensile testing of the bonded joints was carried out using a 
Monsanto (Hounsfield) Tensometer and specimens were loaded at a rate of 
1.6mm per minute. For each specimen the load at failure, bond area and 
type of failure were noted. Excluding the possibility of aherend failure, 
the joint will fail in the overlap region, either as an 'adhesive' failure 
at the adherend-adhesive interface, or as a 'cohesive' failure within the 
glue line. This latter failure mode is preferable since only then has the 
surface preparation technique been adequate and the optimum adhesive 
strength been utilized. All joints in the parameter studies which used
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the stiff 2004 adhesive were observed to fail cohesively. However, those
joints using the flexible 2005 adhesive exhibited a mixed
adhesive/cohesive mode of failure. The difference between the two modes 
of failure observed may be due to either of the following reasons acting 
independently or in combination;
a) a difference in the chemical composition of the two 
adhesives, resulting in the 2004 adhesive having greater
adhesion qualities;
b) the greater permissible shear strain of the flexible 2005 
adhesive allows a greater joint load to failure. This produces 
increased adherend deformation and joint rotation, and a more 
pronounced peel type failure.
The type of failure observed for the 2004 double lap joint (parameter
study 7) was similar to its single lap counterpart.
The results for parameter studies 1 through 9 are to be presented in 
chapter 6, where they will be discussed in conjunction with the 
theoretical prediction for failure load according to nonlinear classical 
theories.
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3.5 Development of an End Grip for the F.R.P Tubular Section
5.5.1 Introduction
The F.R.P tubular section and, in particular, those sections 
fabricated using the pultrusion technique where a high fibre content is 
possible and fibres are mainly longitudinal in direction, have an 
excellent axial strength to weight ratio. Consequently they offer 
considerable promise as structural members for the manufacture of space 
frame type structures in which the loading of members is mainly axial. 
The difficulty in fabricating these systems lies in the jointing of the 
component members, particularly when these meet in the three directions.
The use of a mechanical fastener is unsuitable for the pultruded 
section, because the predominantly longitudinal reinforcement offers 
little resistance to a 'pull out' failure under tension loading. Adhesive 
bonding is therefore preferable to minimize stress concentrations and to 
avoid undesirable loading within the composite section. Furthermore, 
Steel (65) 1977 has shown that bonded joints are structurally more 
efficient, on a weight basis, than those joints using mechanical fasteners 
when constructing prototype space frames using pultruded C.F.R.P tubes. 
Hollaway and Ishakian (66) 1977 reached a similar conclusion when joining 
C.F.R.P rods. However, both these references have indicated some 
difficulty during the fabrication of the skeletal structure.
End grips for the axial loading of composite tubes have been 
proposed by Steel (65), Mitchell, Wolley and Halsey (67) 1974, and Guess 
and Haizlip (68) 1980. In the latter two, experimental results were
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supported by an analytical finite element study. Only in reference (65) 
has the designer attempted to produce a weight and cost effective joint. 
This design requires a precision machined end cap, which is placed over 
the tube extremity and adhesive is then forced into the vacant glue line 
under pressure.
More recently, a crimped and bonded end grip proposed by Green and 
Phillips (69,70) 1980 and (71) 1982 has been successfully applied to a
variety of fibre-matrix composites in tubular form. This technique 
involves crimping an oversize aluminium sleeve on to the composite tubular 
section and, in so doing, forming a uniform thin glue line. The sleeve 
may then be threaded to allow the connection of members via a nodal joint 
or, alternatively, the region outside the crimped overlap may be flattened 
to accept a bolted type of connector. This technique provides a 
light-weight fitting that requires only stock material and avoids the need 
for costly precision machining.
The experimental objective undertaken here is to assess the load 
bearing capacity of the crimped and bonded joint applied to pultruded 
G.R.P and pultruded G.R.P-C.F.R.P hybrid tubes, and to investigate the 
factors that influence this load capacity. The pultruded tubes used in 
this investigation had an external diameter of 25.4mm (1") with a wall
thickness of 2.0mm, and are considered to be a viable section for the 
construction of double layer skeletal structural systems of small to 
medium spans. The G.R.P tube had a glass fibre to polyester matrix weight 
ratio of 60:40 percent, the G.R.P-C.F.R.P hybrid tube consisted of carbon 
fibre, glass fibre and polyester matrix having a weight ratio of 50:30:40 
percent. The drawn aluminium tubing to be crimped was HT30TF to BS1471 
having an external diameter of 54.9mm (II/8") and a wall thickness of
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5.175mm (1/8"). Only the threaded end grip was considered during this 
study.
5.5.2 The Crimping Tool
A tool to crimp the aluminium sleeve, having the above dimensions, 
to the pultruded section was manufactured from mild steel and is shown in 
plate 5.6. The radius of the tool for crimping the 25.4mm external 
diameter composite tube includes the 3.175mm aluminium wall thickness and 
an allowance of 0.15mm for the glue line, giving a total diameter of
32.05mm. The tool is designed such that the gap between the two halves is 
6.35mm (i.e. twice the aluminium wall thickness) when the two arcs of the 
die coincide on the same circle.
5.5.3 Fabrication of the Crimped and Bonded End Grip
Prior to the crimping operation, the aluminium sleeves were solution 
treated at 530°C for one hour and then cold water quenched. This softened 
the aluminium and prevented cracking in the regions of high deformation 
during the crimping process. Green (69) has recommended that the 
aluminium be exposed to a chromic-sulphuric acid surface etch treatment 
prior to bonding, but during the present investigation it was found 
adequate to apply an abrasive clean with 200 grit paper followed by a 
degrease soak in 1.1.1 Trichloroethane for fifteen minutes. The 
justification for this modified treatment was that during testing, no 
joint suffered an adhesive failure at the aluminium-adhesive interface. 
The bonding surface of the pultruded tube was roughened with 200 grit
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abasive paper and given a ketone wipe with 1.1.1 Trichloroethane to remove 
any surface debris of residual demoulding compound.
Prior to assembling the crimping tool, adhesive was applied to the 
bonding surfaces of the pultruded tube and the aluminium sleeve. In order 
to allow excess adhesive to be squeezed out, the vertical load was applied 
slowly. This load was increased to a maximum value of 75kN (applicable to 
an overlap length of 50mm) when the pultruded tube was just gripped firmly 
by the crimped sleeve. Plates 5-6b and 5«6c demonstrate this crimping 
process.
When using a viscous adhesive, considerable hydrostatic pressure may 
be generated by rapid loading and to prevent crushing of the composite 
section a temporary internal supporting tube is recommended. The 
completed end grip was removed from the tool, excess adhesive wiped off, 
and the joint was then given the required curing treatment prior to the 
thread being cut.
5.5.4 The Flared Crimped and Bonded End Grip
The crimping process described in the previous section produces a 
full length crimp detail. Upon tensile loading of this joint, severe 
stress concentrations are induced in the adhesive, particularly at the 
free face from which the less stiff F.R.P tube extends. In order to 
improve the efficiency of this joint it is necessary to reduce these 
stress concentrations. One method of achieving this with the crimped and 
bonded joint is to increase the adhesive layer thickness in the vicinity 
of these stress concentrations. This may be accomplished by crimping over
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a fraction of the overlap length and allowing a flared end to develop in 
the joint, at the location of high stresses. The localized thick glue 
line in the flared part may more easily adapt to the differential adherend 
straining.
The crimped and bonded joint with a crimp length less than the 
overlap length will be referred to as the 'flared crimped and bonded 
joint.' A standard 10mm flared length is used throughout this experimental 
work. The two possible crimp details are illustrated in plate 5«7.
5.3»5 Experimental Testing of the Full and
Flared Crimped and Bonded End Grip
An investigation was undertaken in which the flared and full length 
crimped and bonded joints were tested to failure. This was done in order 
to determine the ultimate load capacity of these end grips in tension. 
Both the pultruded G.R.P and the comparatively stiffen G.R.P-C.F.R.P 
hybrid tubes were investigated. The bonding agent used was the relatively 
flexible Ciba Geigy 2005 epoxide resin, which was subject to the usual 
curing schedule.
The crimped and bonded end grips were lathe threaded to a length of 
25mm (I") using a Whitworth thread of (5/4") outside diameter at 16 t.p.i, 
to allow loading via a suitable female attachment from a Seatec tensile 
testing machine. A rate of loading of 3mm per minute was applied to the 
specimens. At failure, the maximum load and the observed failure mode 
were recorded, which was in all cases catastropic. Plate 5.8 shows that 
two types of failure were apparent. The failed specimen on the left hand
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side of the photograph is the pultruded G.R.P tube and it illustrates an 
interface shear failure between the external resin matrix and the surface 
wrapping glass fibre. The failed specimen on the right hand side of the 
photograph is that of a pultruded G.R.P-C.F.R.P hybrid tube and it shows 
an interface shear failure in the resin matrix between the external 
wrapping glass fibre and the internal longitudinal glass and carbon fibres.
Four parameter studies were undertaken for the crimped and bonded 
joint system to investigate the influence of overlap length with ultimate 
load capacity. These studies were:-
Study 1 - having a full length crimp detail-
Study 2 - having a flared crimp detail
Study 3 - having a full length crimp detail-
Study 4 - having a flared crimp detail
- using the pultruded 
-G.R.P tube
- using the pultruded
'G.R.P-C.F.R.P hybrid tube
The presentation of results for these studies will be deferred until 
chapter 6, when they will be discussed in conjuction with observations 
from the theoretical analysis for these joints.
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Fig 5.1 : Dimensions of the Napkin Ring Specimen or one 
Symmetric Half for the Calibration Specimen
output
Fig 5.2 ; Strain Gauge Wiring Diagram to Measure Shear Strain  
for an Applied Torque using a Full Bridge
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R a t e  o f  L o a d i n g  =  0 . 0 2 4  r a d / m i n
ADHESIVE
NUMBER
ADHESIVE SHEAR MOD 
(N /m nf)
SHEAR STRAIN 
AT FAILURE Yp
4 2 0 0 4 8 7 0 0 . 1 3 4
5 3 0 1 2 7 2 7 0 . 0 4 5
0 . 0 4  0 . 0 8
S H E A R  S T R A I N  ( 7  )
0.12
Fig 5.5: Characteristic Shear Stress -  Strain Curves for the 
Relatively Stiff Adhesives
1 3 7
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N o t  t o  S c a l e
D i m e n s i o n s  i n  m m
Fig 5.6 : Dimensions of the Modified Tensile Napkin Ring
Specimen or one Symmetric Half for the Calibration  
Specimen
1 1
W - A d  h  e  r e  n d  W i d t h  
L * “  O v e r l a p  L e n g t h  
t -  A d h e r e n d  T h i c k n e s s
O i m e n s i o n s  i n  m m
b o n d  a r e aa r e a  i n  
t e s t  g r i p s
25.4 6 3 . 5 2 5 . 46 3 . 5
Fig 5.7: Form and Dimension of the ASTM D 1002-72 Single
Lap Test Specimen with the Double Lap shown  
Dashed
Plate 5.1: The L.V.D.T's and Holders shown Clamped to the  
Napkin Ring and Load Cell.
A-L.VD.T Holder ; B -B o c k p la te  for the L.V.D.T :
X,Y -Clamping Screws set 10mm a p a rt
Plate 5.2: Torsion Testing Apparatus for the Napkin Ring
Plate 5.3 : Centering Mandril to Align the Napkin Rings 
during the Bonding Operation
Plate 5.4 : Loading and L.V.D.T Arrangement for the Modified 
Tensile Napkin Ring.
A -  L.V.D.T Displacement Piston 
B -  Backplate for the L.V.D.T Piston
Plate 5.5 : Jig used in the Fabrication of the Single and  
Double Lap Joints
Plate 5.6a; The Dismantled Tool
Plate 5.6b; The Tool Prior to Loading
(  }
Plate 5.6c : The Crimped End Grip after Loading
Plate 5l6 : Crimping Tool and the Crimping Process
Plate 5.7a; Full Length End 
Grip
Plate 5.7b:Flared End Grip
Plate 5.7: The Full and Flared Crimped and Bonded End Grip 
Attached to a F.R.P Tube
Plate 5.8: Failure of a Crimped and Bonded Pultruded G.R.P 
Joint (A) and a Hybrid G.R.P-C.FRP Joint ( B)
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CHAPTER 6
6A.Q PART A - Example Solutions for the Primary Configurations using
the Linear Theories and an Examination of the Assumptions 
used in the Development of these Theories
6A.1 Introduction
Some example solutions of the linear theories discussed in chapter 3 
and an examination of the assumptions used in the development of these 
theories is presented in Part A of this chapter. The dimensions for the 
ASTM D1002-72 test specimen with a 12.7mm overlap, as shown in figure 
6.1a, was chosen to investigate the single lap joint. To be
consistent, the comparable geometries of figures 6.1b and 6,1c are used to 
study the double and tubular lap configuration, with the latter having a 
5.0mm radius.
6A.2 Example Solutions for the Primary Configurations
Six case studies have been selected to be representative of the 
primary configurations. These are to be analysed here using the linear 
theories in chapter 3« The geometries of these typical joints are shown 
in figures 6.1, where the adherends will be assumed to be balanced, using 
aluminium (Al) adherends and imbalanced, using aluminium and P.R.P 
adherends. These case studies (C.S) are summarized below:-
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Study 1 - having balanced (Al/Al) adherends
Study 2 - having imbalanced (AI/F.R.P) adherends-
Study 3 - having balanced (Al/Al) adherends
Study 4 - having imbalanced (Al/P.R.P) adherends ■ 
(F.R.P for the outer plates)
Study 5 - having balanced (Al/Al) adherends
Study 6 - having imbalanced (AI/F.R.P) adherends 
(F.R.P for the inner tube)
single lap 
• joint (fig 6.1a) 
double lap
- joint (fig 6.1b)
■ tubular lap
- joint (fig 6.1c)
The adhesive and adherends are assumed to be isotropic and to have 
the typical mechanical properties given in table 6.1, in which the 
adhesive is representative of a high strength epoxide resin.
Material
Mechanical Property
E (N/mm )^ V G (N/mmO
Adhesive 3,000 0.36 1,103
Aluminium 69,000 0.32 26,136
F.R.P 21,500 0.30 8,269
Table 6.1 Mechanical Properties for the Linear Materials used 
in the Part A Investigation.
In order to permit a comparison of the six case studies, a common 
finite element mesh is used for the overlap region. This mesh is 
illustrated in figure 6.2. It will be seen from this figure, that a 
relatively small element is used at the adhesive free face to detect the 
peak stress. Figure 6.3 shows the gauss point locations that are used for 
the numerical integration of an element. These also represent the points 
at which stress values are given by the program. The values of stress 
used in the adhesive stress diagrams, to be presented, are given as an 
average of the values for the two stress points in the transverse
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direction of an element and therefore represent a centreline value.
Solutions for the adhesive stress distributions using the 
appropriate linear classical and linear finite element theories from 
chapter 3, are compared and are presented for case studies 1 through 6 in 
figures 6.4 through 6.9 respectively.
An examination of the stress distributions presented in these 
figures reveals that in each case study, the classical and finite element 
theories agree closely, to within 10^  over most of the overlap. In some 
cases however, there is a significant difference in the peak stress values 
at the overlap edges. This observation would suggest that the governing 
differential equations derived in chapter 3, which describe adhesive 
stress distribution for the primary configurations are valid, but that the 
boundary conditions which determine the peak stress values may not be 
defined completely. Some comments regarding the solutions for each 
configuration are now given.
Single lap joint (case studies 1 and 2). Adhesive stress distributions 
for the balanced and imbalanced single lap joint are shown in figures 6.4 
and 6.5 respectively. From these figures, it may be seen that the 
classical theory of chapter 3, which uses the Hart-Smith (15) definition 
for boundary conditions, agrees closely with the geometric nonlinear 
finite element theory. This agreement in the peak stress values would 
support the Hart-Smith equations for the boundary conditions, which are 
given in appendix 1 and which correct a previous inaccuracy in the Goland 
and Reissner (14) solutions.
Double lap joint (case studies 3 and 4)- Adhesive stress distributions 
for the balanced and imbalanced double lap joint are shown in figures 6.6
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and 6.7 respectively. From these, it may he seen that the classical and
the finite element solutions differ hy up to 25^ in their prediction of 
peak stress. This discrepancy may be explained as follows. The classical 
solution assumes that the boundary conditions are simple tension forces
only and any bending effects that result from the eccentric loading are
ignored. The finite element representation has shown, however, in work 
not reproduced here, that this is inaccurate and that small bending 
moments are present at the overlap edges. These moments at the overlap 
edges, which are neglected in the classical theory, account for the 
differences between the two solutions. The classical shear lag analysis 
of Sazhin (13), which is given in appendix 2, is also included for case 
studies 3 and 4. The resulting adhesive stress distributions (shear 
stress only) are shown to give a reasonable representation of the shear 
stress distribution, even though adherend bending effects are ignored in 
this theory.
Tubular lap joint (case studies 5 and 6). Adhesive stress distributions 
for the balanced and imbalanced tubular lap joint are shown in figures 6.8 
and 6.9 respectively. The linear adhesive stress distributions for the
tubular joint, to be presented in this thesis, are 'normalized with 
respect to the mean axial stress do applied to the inner tube.' From 
figures 6.8 and 6.9, it may be seen that there is excellent agreement 
between the different theories in predicting shear stress distribution. 
This is with the exception of the Sazhin shear lag theory, which is 
adapted from a double lap joint solution. Even so, this is shown to yield 
acceptable results. The values of maximum peel stress however, differ by 
approximately 40%, with the finite element results being consistently 
higher. A similar observation was noted by Adams and Peppiat (52) when 
comparing the finite element and Lubkin and Reissner solution for tubular 
joints with identical steel adherends. The examples cited in case studies
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5 and 6 are outside the allowable bounds for the elastothickness parameter
(P) and the limits for thin shell theory (R) recommended by Lubkin and 
Reissner. The examples cited by Adams and Peppiat, however, were not 
outside these bounds and, thus, violation of these limits is not 
responsible for the poor agreement of maximum peel stress. Most likely, 
the Lubkin and Reissner definition for the boundary conditions are in 
error. The excellent agreement of stresses over most of the overlap would
suggest that their solution for the differential equations which describe
the adhesive stress distribution is valid.
6A.3 Examination of the Assumptions used in the
Formulation of the Linear Classical Theories
The linear classical theories given in chapter 3 were founded on a 
number of assumptions, the most important of these being:
1) a disregard for the transverse shear and normal deformations 
in the adherends;
2) the assumption that the adhesive stresses are constant in the 
transverse direction and, associated with this, violation of the 
requirement that shear stresses are zero at the adhesive free 
faces;
3) uncertainty of the boundary conditions for the single lap 
joint. Two generally accepted theories have been proposed, 
these are given by Goland and Reissner (14) and Hart-Smith (15), 
both of which are quoted in appendix 1.
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This section will investigate the relative importance of the above 
assumptions, by examining the ASTM D1002-72 test specimen and using the 
appropriate classical or finite element theory.
6A.3»1 Significance of the Transverse Adherend Deformations 
and their effect on the Adhesive Stress Distribution
An investigation using the linear finite element theory and the 
single lap joint shown in figure 6.1a, is undertaken here to examine the 
importance of the adherend transverse shear and normal deformations and 
their effect on the glue line stresses. The single lap joint was selected 
for this study as these components of deformation are greatest in this 
configuration.
Four joints, having identical adherends with the orthotropic 
material properties given in table 6.2 are analysed in this study. The 
adhesive has the material properties given in table 6.1.
Joint Adherend Property and Value
Number Exx Ezz Gxz V
1 100,000 100,000 37,878 0.32
2 100,000 200,000 37,878 0.32
3 100,000 50,000 37,878 0.32
4 100,000 100,000 10,000 0.32
Table 6.2 Material Properties for the Adherends to Investigate 
the Transverse Adherend Deformations.
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Transverse normal deformation - Figure 6.10a show the adhesive stress
distributions for joints numbered 1 through 5 in table 6.2 and clearly
demonstrates that the peak stress values are dependant on the value 
assigned to the adherend transverse tensile modulus Ezz. Thus confirming 
that these deformations are significant. This behaviour may be explained 
as follows; consider the region of high peel stress adjacent to the 
adhesive free face. The stiffer adherend, with respect to the transverse 
direction Ezz, will distribute the adhesive peel stress over a larger 
area, causing a reduction in the peak value. For a bonded joint 
incorporating composite adherends, which inherently have a low transverse 
modulus Ezz, the classical theories may seriously miscalculate the
adhesive stresses. Consequently, a more complete theory would be 
required.
Transverse shear deformation - The influence of adherend shear deformation 
on the glue line stress distribution is examined using joints numbered 1 
and 4 in table 6.2, each joint having a different adherend shear modulus 
Gxz. The results of this study are shown in figure 6.10b and demonstrate 
that the adherend transverse shear deformations are negligible in 
comparison with the effects of in plane and bending deformations. 
Therefore, the theories proposed in chapter 5 are appropriate for joints 
having low shear modulus composite adherends.
6A.3°2 Investigation of the Adhesive Stress
Distribution in the Transverse Direction
A detailed investigation of the adhesive stress distribution in the 
transverse direction is undertaken in this section. Particular interest
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is given to the adhesive stress distribution near the free face, where 
variation in the transverse direction is likely to be most evident. 
Again, the specimen under study is the single lap joint (ASTM D1002-72), 
having the mechanical properties given in table 6.1. However, the coarse 
mesh shown in figure 6.2, which was used in the previous investigation, is 
now greatly refined in order to perform this detailed analysis. This 
study also serves as a useful check on the accuracy of the coarse mesh 
results.
The refined analysis could have been performed by concentrating 
elements in the area of interest but, because of difficulties in grading 
the quadrilateral element from a coarse to a fine mesh, it was decided to 
employ the technique of 'substructuring.' This handles the joint as two 
separate finite element structures, comprising of the main structure and a 
substructure to cover the area of interest. The meshes used are shown in 
figure 6.11. The substructuring technique allows freedom in the choice of 
the most suitable substructure, while keeping the main structure 
unchanged. It also permits a more detailed study for a given computer 
storage allocation.
The substructuring technique is described in references (72) and 
(73), the latter of these provides the necessary routine to perform the 
substructuring condensation. The condensation process reduces the 
substructure to what is in effect a 'superelement,' where all internal 
nodal stiffnesses are represented at the boundary nodes, which are common 
to the main structure. This is shown in figure 6.11. The overall 
structure stiffness [k] is then assembled and this includes the 
superelement. For a given nodal load vector (p|, the nodal displacements 
15} are found from the usual relation |5}=[k]'{p]. Finally, the nodal
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displacements {5s| at the superelement interface are extracted from 
and the substructure internal displacements and element stresses are then 
recovered from (Gs|.
The finite element technique used in this thesis is based on the 
usual assumed displacement field method. Prom a consideration of loading, 
equilibrium and compatibility, the structure displacements are determined, 
these being the primary unknowns. The element stresses are secondary 
unknowns and are obtained from the element nodal displacements via an 
approximate interpolation function. Because of the numerical nature of 
the analysis and the approximate nature of the interpolation functions, it 
has been impossible, even with the most refined mesh, to satisfy the zero 
shear stress requirement at the adhesive free face. However, the refined 
mesh will ensure the results are close to the true values.
The adhesive stress distribution is given in figure 6.12 for the 
three cross-sections, at levels 1, 2 and 3 depicted in figure 6.11. These 
stress distributions clearly show that the assumption of constant stress 
in the transverse direction is valid over most of the overlap. Deviation 
from this constant stress condition is found only in the 1mm of overlap 
adjacent to the free face, where edge effects become influential.
Considering the shear stress in figure 6.12, the peak values are 
found to be at level 1 nearest to the protruding adherend and at a minute 
distance inward from the free face. The peak shear stress at the opposite 
face (level 3) is reduced by approximately 20^ and is moved inward by two 
glue line thicknesses. It is evident that a build up of shear stress is 
present across the adhesive layer. The high stress gradient required to 
give a state of zero shear at the free face is not detected at level 1 and
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is only partially detected at level 3, for those reasons stated 
previously. Considering the peel stress component, the peak value is 
found to he at level 1 at the free face, with a 30^ reduction in this 
value at the opposite face (level 3)« It may be infered from these 
results that the critical point for initial adhesive yielding, or a 
brittle adhesive failure, is at the adherend interface of the protruding 
adherend and effectively at the free face.
It is of interest to compare the previous coarse mesh results with 
those obtained in the present investigation. The comparative results for 
the two analyses are given in table 6.3, where the quoted values refer to 
the peak stresses at the-adhesive centreline.
Peak Shear Stress (1;^ /^ o^) Peak Peel Stress ((^ g/ )
Coarse Mesh 
Pig 6.2
Pine Mesh 
Pig 6.11
Coarse Mesh 
Pig 6.2
Pine Mesh 
Pig 6.11
0.5 0.44 0.8 0.7
Table 6.3 Comparative Peak Stress Results for the Coarse 
and the Pine Mesh Analyses.
It will be seen from table 6.3 that the coarse mesh results are 
approximately 13^  higher than those for the fine mesh, for both peak 
stress components. Considering the complexity of the refined analysis and 
the relatively small discrepancy in the results, the coarse mesh results 
will be considered acceptable in this work./
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6A.3.3 Comparison of the Goland and Reissner and Hart-Smith Solution 
of Boundary Conditions for the Single Lap Joint
The two classical analyses that provide the boundary conditions for 
the single lap joint are given by Goland and Reissner (14) and more 
recently, by Hart-Smith (15)« Both of these are given in appendix 1. In 
this section, these two theories are examined and compared with the 
geometric nonlinear finite element theory, which uses the coarse mesh 
shown in figure 6 . 2 .  The ASTM D10 0 2 - 7 2  specimen with identical aluminium 
adherends and the mechanical properties given in table 6.1 are used for 
this study.
The comparison for the three solutions is made using the peak
adhesive shear and peel stress values, for increasing increments of 
applied loading. Figure 6.13 illustrates the results of this study and
shows that a good agreement is found for the peak shear stress, but that
considerable differences exist between the three solutions for the peak 
peel stress. It would appear from figure 6.13 that the Hart-Smith and the 
finite element theory are in closest agreement. It should be noted, 
however, that the finite element solution will over-estimate the peel 
stress because the coarse mesh is used and transverse adherend 
deformations are included. Therefore, it would be difficult to form any 
definite conclusion as to which classical theory is most appropriate. 
However, the Hart-Smith solution may be recommended, as it is founded on a 
more accurate theory and for design purposes it is conservative when
predicting joint strength based on the linear peak stress.
Figure 6.13 shows the importance of including the effect of 
geometric nonlinearity for the single lap joint when calculating adhesive
Results and Discussion___________ Part A_____________________________ 1 54
stresses. The effect of increasing applied load and joint rotation is to 
reduce the normalized adhesive stresses to a minimum value, as the 
adherends align. The reduction in the peak stress value is of the order 
of 30 .^ Using the linear assumption, which corresponds to an undeformed 
geometry during loading, the adhesive stresses are over-estimated.
y
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6B.Q PAST B - Example Solutions for the Primary Configurations 
using the Nonlinear Theories
6B.1 Introduction
In this section the nonlinear theories developed in chapter 4 are 
applied to the six case studies examined previously in the Part A 
investigation. The linear elastic adhesive is now replaced using a 
nonlinear elastic-perfectly plastic idealization to represent a typical 
modified epoxide resin. The assumed adhesive representation is 
illustrated in figure 6.14 and is summarized below in table 6.4, where it 
may be seen that the linear portion is identical to that of the linear 
adhesive used in the Part A investigation. The nonlinear quantities 
follow from an assumed tensile yield stress of &p=40N/mm^ and noting from 
Von Mises equation that ip ~ ‘^p//3*
Eg(N/mm^) Gg(N/mm') V dp (N/mm^) Tp (N/mm )^ Ee=Op/g^ %e=Tp/Gg
3,000 1,103 0.36 40.0 23.1 0.013 0.021
Table 6.4 Summary of the Elastic and Plastic Mechanical Properties for 
the Nonlinear Adhesive used in the Part B Investigation.
It is evident from figure 6.14 that no limit is specified for the 
plastic strain quantities £p and Ifp. Such a limit would determine the 
joint strength based on an adhesive yielding failure. Since the purpose 
of the current investigation is to examine the development of plastic 
yielding and to compare the different theories in chapter 4, a limit for 
p^ and Ifp is not required. /
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6B.2 Example Solutions for the Primary Configurations
Figures 6.1 show the geometries for the six case studies to he 
investigated and tables 6.1 and 6.4 give the adherend and the adhesive 
mechanical properties respectively. The coarse finite element mesh shown 
in figure 6.2 is used in this investigation with the values of 
elasto-plastic stress and strain being given at the gauss points shown in 
figure 6.3.
A detailed investigation of the elasto-plastic behaviour for the 
case studies 1 through 6 are shown in figures 6.15 through 6.20 
respectively. In each figure relevant information is presented to enable 
a discussion of the yielding behaviour and performance of the joint. This 
information is as follows:
a) the development of adhesive yielding is illustrated by the 
adhesive peel and shear stress distribution for a low, 
intermediate and high applied load. The low load corresponds to 
a level at which only limited yielding has occured. A detailed 
cross-section of the overlap region is also given to show the 
development of plastic yielding enclaves, with increments of 
applied loading;
b) the nonlinear classical and finite element theories, outlined 
in chapter 4, are compared using the distributions for 
elasto-plastic shear stress and strain at the higher load level. 
This is with the exception of the imbalanced single lap joint 
(C.S.2), for which a classical solution is not given;
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c) the elasto-plastic peel strain distributions for the six case 
studies are compared in figure 6.21. These are taken from the
finite element analyses at the higher load level.
The stress distributions obtained from the nonlinear finite element 
theory, and some aspects of the analysis, require a discussion. The 
solution technique used is an iterative one, in which, at each load 
increment, the Newton-Raphson method is applied to adjust the nodal 
displacements in an attempt to achieve a state of equilibrium. To
restrict computer processor time, a state of satisfactory equilibrium is 
sought by placing an 'acceptable' limit to the norm or the out of balance 
forces. This is further discussed in appendix 5* The greatest difficulty 
in obtaining convergence is encountered at points of stress concentration 
and, consequently, the results at these locations may be in doubt. In 
particular, the single lap joint proved a difficult analysis problem, as 
this combines both geometric and material nonlinearity. From figures 6.15 
and 6.16, for the balanced and imbalanced single lap joint, it is evident 
that the peak peel stresses have exceeded the allowable tensile yield 
stress, which is not possible. However, a small distance from these
regions, the stress values are correct. This inaccuracy is a consequence
of using a convergence criterion of only 10'^  for the norm of the out of
balance forces. To achieve the generally accepted value of 10'^  at each 
load increment would have required prohibitive computer time. The double 
and tubular lap configurations, which ignore geometric nonlinear effects, 
were easily able to attain the value of 10'®, at each load increment, and
the peak stress values for these studies may be taken as correct.
From Von Mises yield criterion, the initial yield load is attained 
once the applied loading causes the effective stress d, at a stress point
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in the adhesive, to equal the adhesive tensile yield stress. Since the 
effective stress considers all stress components, it provides an ideal
method for comparing the case studies, based on the linear material
assumption. The initial yield load and the location of this yield point, 
obtained from the finite element analysis, are given for each case study 
in table 6.5. These figures are quoted per unit (lmm) width for the 
single and double lap joint and as a total load for the tubular joint. 
From these results the following observations are noted:
1) the point of initial adhesive yielding is at the free face 
from which the adherend having the least area stiffness extends. 
This is due to the greater stress concentrations at this
location;
2) in each configuration, the introduction of the F.R.P adherend 
considerably reduces the initial yield load. The percentage 
reduction in the initial yield load for the imbalanced joint
compared to the balanced joint is 39^ , 37^ and 50% for the
single, double and tubular configurations respectively;
3) the single lap joint has the lowest yield load of the three 
configurations due to the actions of the adherend bending
strains. By using the double lap configuration and restraining 
adherend bending the initial yield load is increased in excess 
of twofold.
To enable a comparison of the nonlinear finite element and the 
classical theories, a solution is sought in the latter by adjusting the
plastic limit strain %p to obtain an ultimate load Pult that corresponds
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to the high applied load. The resulting shear stress and shear strain 
distributions are given in figures 6.15 through 6.20, with the exception 
of case study 2.
Examination of the nonlinear classical and finite element solutions, 
at the high applied load, reveal that in each case a good agreement is 
shown, even for the tubular configuration. In addition, it is worth 
noting that in each case study, the classical solution is conservative in 
comparison to the finite element theory, when predicting the ultimate load 
based on a shear strain to failure criteria.
The part A linear investigation demonstrated the detrimental effect 
that adherend stiffness imbalance has upon the peak adhesive stresses. 
The investigations for the nonlinear analysis of the case studies have 
further shown that adherend stiffness imbalance is undesirable. From an 
efficiency viewpoint the optimum joint must restrict the peak adhesive 
shear and peel strains, since these decide adhesive failure. From table 
6.5 it may be seen that the peak plastic strain components are a minimum 
for the balanced configurations. With the introduction of imbalanced 
adherends, predominant adhesive yielding and plastic straining proceed 
from the end from which the less stiff adherend extends. This is clearly 
shown for the case studies 2, 4 and 6 in table 6.5 and is illustrated in 
figures 6.16, 6.18 and 6.20 respectively. The imbalanced joint will
result in a lower failure load. It may also be seen from table 6.5 that 
the percentage of yielded overlap, at the high load level, does not differ 
greatly for the balanced or imbalanced joint in each configuration. This 
may be expected as each configuration carries the same applied loading.
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Some Information on the Joint 
Performance at the Yield Load
Case
Study-
Initial 
Yield 
Load (r )
Location of the Initial 
Yield Point (shown 
ringed)
Applied 
Load (N)
Percentage 
of Overlap 
Yielded
Max Elasto-
Plastic
Strain
57.0 ... ... 1
1 Al
250 55% 0.110 0.043
34.7 RRPc Al 250 57% 0.223 0.083
1 2 9 . 6
Al
Al 250 42% 0.043 0.008
82.6
RR.P
250 48% 0.171 0.007
|COMP=
-0,0 2 1 )
3,256
Aljy. 8272 45% 0.068 0.011
1 ,624
X. a lRRP 8122 59% 0.268 0.021
Table 6.5 Summary and Comparison of Joint Performance for the Six Case 
Studies from the Nonlinear Finite Element Analyses Presented 
in Figures 6.15 Through 6.21,
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6C.Q PART C - Experimental Assessment of the 
Classical Nonlinear Theories
6C.1 Introduction
This section considers further the experimental parameter studies 
that were undertaken in section 5»4 to test to failure single and double 
lap joints. The aim of these studies were to assess the ability of the 
classical nonlinear theories to predict joint failure. A summary of the 
nine parameter studies is given in tables 6.6 and 6.7. Included in these 
tables, is the adherend mechanical data obtained from a standard tensile 
test; the quoted aluminium values correspond to the slightly softened 
material after curing.
Parameter Adhesive Type of Dimensions of Joint Details of Adherends
Study Type Joint Width(mm) Overlap(mm) Material t(mm) E(N/müî)
1 2005 Balanced
S.L.J 12.7 10,15,20,3040,60
Al 1.6 1381
2 2004 BalancedS.L.J 12.7 10,15,20,2530,40,60
Al 1 .6 1381
3 2005 BalancedS.L.J 12.7 10,15,20,2530,40,60
Al 2.0 1381
4 2004 BalancedS.L.J 12.7 10,15,20,2530,40,60
Al 2,0 13811
5 2005 BalancedS.L.J
10.0 10,20,30,40
60
C.F.R.P 
bi-dir 2.3
56656
6 2004 BalancedS.L.J
10.0 10,20,30,40
60
C.F.R.P 
bi-dir 2.3
56656
7 2004 Balanced
D.L.J 12.7
5,10,15,20
30,50
Al 1.626/ 
3.251
73877
Table 6.6 Summary of the Experimental 
and Double Lap Joints,
Parameter Studies for the Single
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Parameter Adhesive Type of Dimensions of Joint Details of Adherends
Study Type Joint Width(mm) Overlap(mm) Material t(mm) E(N/mnf)
8 A P 1 2 7 / 3 BalancedS.L.J 1 . 0 1 0 , 2 0 , 3 0 , 5 0 C.F.R.P uni-dir 2 . 0 1 4 0 0 0 0
9 A F 1 2 7 / 3 Imbal-
D.L.J
1 . 0 1 0 , 2 0 , 3 0 , 5 0 C.F.R.P 
uni-dir
1 . 0 /  2 . 0 1 4 0 0 0 0
Table 6.7 Summary of the Experimental Parameter Studies for the Single 
and Double Lap Joints taken from Reference (41).
The characteristic shear stress-strain curves for the adhesives 
which are used in the parameter studies numbered 1 through 9, are taken 
from section 5.2 and reference (41 )• These are reproduced in figures 
6.22, together with the idealized linear elastic-perfectly plastic 
representations. Table 6.8 summarizes the essential information from 
these figures.
Adhesive
Type
Parameter
Studies
Source of 
Data Go(N/mm) Tp(N/mm)
%e classification
2005 1 ,3,5 Sect 5.2 fig 6.22a
121 .7 27.4 .225 .831 Flexible
2004 2,4,6,7 Sect 5.2 
fig 6.22b 681.5
36.8 .054 .134 Stiff
AF127/3 8,9 Grant(41) 
fig 6.22c 354.5
39.0 .110 .400 Medium
Table 6.8 Adhesive Material Properties used in the Parameter Studies 
1 through 9 in the Part C Investigation ,
The three adhesives given in table 6.8 shall be termed as flexible, 
medium or stiff, with respect to their shear modulus and yielding 
behaviour.
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Experimental results and the theoretical prediction for parameter 
studies 1 through 9 are given in figures 6.23 through 6.31 respectively. 
For those studies concerning the single lap joint, the nonlinear classical 
theory from section 4.2 is used and for those studies concerning the 
double lap joint, the nonlinear classical theory from section 4-3 is used. 
During the following discussion, attention is first confined to the 
suitability and accuracy of the theories in predicting the experimental 
results. This is then followed by some observations on the effect that 
joint geometry and material parameters have on failure load. Since only a 
limited parameter study has been possible here, this latter discussion can 
only indicate a few probable trends.
6C.2 Discussion on the Parameter Studies to 
Assess the Classical Nonlinear Theories
Parameter studies 1 through 4 These studies examine the balanced single 
lap joint with aluminium adherends of either 1.6mm or 2.0mm thickness, for 
both the flexible and stiff adhesive. Consider first studies numbered 2 
and 4, which use the stiff adhesive and are shown in figures 6.24 and 
6.26. These figures demonstrate that the classical nonlinear theory is 
able to predict failure load to within 30% of the experimental results. 
The predicted failure load is seen to be high as a consequence of ignoring 
the peel stress in the analytical model.
This deficiency shows greater evidence in studies numbered 1 and 3, 
which use the flexible 2005 adhesive. The results for these studies are 
shown in figures 6.23 and 6.25. The increased discrepancy between the 
experimental and theoretical results may be explained by the greater load
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carrying ability of the flexible adhesive joint, leading to increased 
joint rotation and the likelihood of a more pronounced peel type failure. 
Indeed, for joints with a long overlap length, in excess of 30mm, 
separation at the adhesive-adherend interface was observed to advance from 
the leading edges, to extend over approximately one quarter of the 
overlap, prior to failure. For these joints the margin of error between 
theoretical prediction and experimental results is increased to 40%.
Parameter studies 5 and 6 These studies examine the single lap joint 
with a bi-directional C.F.R.P adherend, using the flexible adhesive for 
parameter study 5 and the stiff adhesive for parameter study 6. The 
results are shown in figures 6.27 and 6.28. Recognising that the 
bi-directional C.F.R.P and the aluminium joints have a similar adherend 
tensile stiffness, it follows that, for the same adhesive, the failure 
envelopes for the case studies 1 through 6 do not differ appreciably, and 
yet however, those joints with the C.F.R.P adherends are found 
experimentally to have an improved strength of approximately 50% over the 
aluminium joints. This gives a closer agreement between the theory and 
experimental results for parameter study 5, whereas, the theory for 
parameter study 6 now under-estimates the joint strength at the long 
overlap lengths. The dramatic improvement in strength for the composite 
joints cannot be due to the small increase in area stiffness of the 
G.F.R.P adherend. It is thought that this is a consequence of adhesive 
stress relief, caused by yielding in the epoxide matrix of the adherend. 
Separation at the adhesive-adherend interface was not observed in any of 
the tested joints.
Parameter study 7 This study examines the double lap joint using the
stiff adhesive. The results are given in figure 6.29, and show that the
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classical nonlinear theory is able to predict failure. This would imply 
that the peel stresses are less influential in determining failure for 
this configuration and need not be included in the analytical model. 
Unfortunately, for reasons expressed in section 5«4, this configuration 
with the flexible adhesive was unable to be tested. However, the use of a 
flexible adhesive would not be expected to cause any deterioration between 
the agreement of theory and experimental results.
Parameter studies 8 and 9 These studies investigate the single and 
double lap configuration with uni-directional G.F.R.P adherends and a 
medium stiffness adhesive. The experimental results and theoretical 
solutions are taken from Grant (41), and are reproduced in figures 6.30 
and 6.31• The theoretical solution given by Grant uses a nonlinear shear 
lag analysis, similar in prijci%)le to that developed in section 4.3, to 
analyse both the single and double lap joint. Also included in these 
figures, for a comparison, are the nonlinear classical solutions using the 
appropriate theories in chapter 4»
Regarding the Grant solution. It is shown in figure 6,30 to be 
inappropriate to use the nonlinear shear lag theory, which ignores
bending, to analyse the single lap joint. As this will dangerously
over-estimate the joint strength. Whilst this over-estimate is not
serious in this particular study, due to the high adherend tensile
stiffness of the G.F.R.P material. For a joint with a lower stiffness 
adherend, the solution is likely to deteriorate as the bending strains 
-/■ become more prominant. The scatter of results in figure 6.30, for the
1 experimental failure load of the single lap joint with a 50mm overlap 
length, prevents a definite conclusion as to the accuracy of the classical 
nonlinear theory from chapter 4. If the upper of the three values is
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typical, then those comments made regarding study 5 would apply. Although 
the two lowest values are seen to be in closest agreement, it is most 
probable that these result from a poor batch of test specimens.
Essentially, the solutions for the two theories used to predict 
failure load for the double lap study in figure 6.31, do not differ, and 
both are shown to be valid for this configuration.
6C.3 Description of the Theoretical Failure Envelopes 
Predicted by the Nonlinear Classical Theories
From the failure envelopes for the nine parameter studies, which are 
shown in figures 6.23 through 6.31, the following observations on the 
forms that these curves take are noted. The initial linear portion of the 
failure envelope is relevant to a joint having a short length of overlap, 
in which the adhesive is in a fully plastic state. The joint strength is 
therefore given by, Pult= ^ pxbond area. Increasing the overlap length 
causes an elastic trough to develop at the ultimate load, because the 
shear strain is limited to 1fp and the adhesive cannot maintain the fully 
plastic state throughout the overlap. The trend now is to reduce the 
central region as an elastic trough. Ultimately, at a long overlap, this 
trough will reduce to zero at the centre and the maximum possible joint 
load is then attained. This produces a plateau to the failure envelope. 
It may be seen that, for those studies using the double lap joint, the 
transition from the fully plastic overlap state to the maximum possible 
load condition, involves only a short increase in overlap. Due to bending 
actions in the single lap joint the plateau, or maximum load situation, 
would only be achieved at a long overlap in excess of 100mm.
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6C.4 Comments on the Suitability and Accuracy 
of the Classical Nonlinear Theories
Parameter studies 7 and 9 which investigate the double lap joint, 
have shown that the classical nonlinear theory in section 4-3 is capable 
of accurately predicting failure load for this configuration. However, to 
verify this statement conclusively, would require a more complete 
parameter study. Chan and Sun (32) have shown that for double lap joints 
with thick adherends, the peel stresses determine failure. It is these 
peel stresses that are responsible for the poor agreement between the 
theoretical prediction and the experimental results for the single lap 
joint. The closest correlation in results is found for those studies 
using the stiff adhesive or using composite adherends, where the effect of 
peel stresses causing a premature failure is less significant.
6C.5 Some Comments on the Factors that Affect Joint Failure Load
Some comments regarding those factors that are seen to affect the 
joint failure load, for the nine parameter studies, are now given:
1) an increase in joint strength will result from either, an 
increase in the adherend stiffness, or, the use of a more 
flexible adhesive;
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2) there exists an optimum length of overlap at which a maximum 
joint strength is attained, this is defined by the plateau to 
the theoretical failure envelope;
3) the double lap configuration is superior to the single lap 
configuration, in terms of the ultimate load capacity and in 
terms of a shorter overlap length being required to attain this 
load;
4) the optimum joint on a weight to strength basis, may be 
regarded as a joint having an overlap length at which an elastic 
trough first develops.
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6D.0 PART D - Experimental Results and the Analysis of the Crimped and 
Bonded Joints for a Load Bearing P.R.P Skeletal Member
6D.1 Discussion of the Experimental Results
The results of the experimental studies for the crimped and bonded 
end grip, which were undertaken in section 5.5, will now be presented and 
discussed. The investigation took the form of four experimental parameter 
studies, which are summarized below in table 6.9« Included in these 
tables is the mechanical data for the pultruded adherends, which was 
obtained using a standard tensile test.
Parameter
Study
Type of 
Crimp
Overlap Lths 
Tested (mm)
Details of the Composite Adherend
Material Type Ten Mod Ez2(N/mm)
1 Full 30,40,50,70 Pultruded
G.R.P
21,500
(tested)2 Flared 30,40,50,60
3 Full 30,40,50,70 Pultruded G.R.P 
-C.R.R.P Hybrid
65,000
(estimated)4 Flared 30
Table 6.9 Summary of the Experimental Parameter Studies Undertaken for 
the Crimped and Bonded Joint,
The results of these studies are shown in figure 6.32. Only limited 
testing was possible in the case of study number 4, due to a shortage of 
the G.R.P-C.F.R.P hybrid tubing.
From figure 6.32 the following observations on the experimental data 
are noted;
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1) that in each case study, there exists a linear relationship 
between the failure load and overlap length, this was also noted 
hy Green (69) when testing the full length crimp joint with 
C.R.R.P rod and tubular sections;
2) a previous investigation by the author (50), found that the 
length of thread does not influence the joint failure load, 
provided that sufficient thread is cut to prevent a local thread 
failure. These results are not reproduced here;
3) for the flared crimp joint with the pultruded G.R.P tube an 
improved joint efficiency, in the order of 20%, is achieved in 
comparison to the equivalent full length crimp joint. This is 
with the exception of those joints using the short 30mm overlap 
length, where the failure load for the two crimp details are the 
same. At this length the entire overlap is utilized to transfer 
load and the improvement offered by the refined stress 
distribution in the flared crimp detail is ineffective;
4-) the only tube failure to occur, was in parameter study 2 at a 
load of 42kN for the 60mm overlap specimen. It is likely that 
this was a weak tube and subsequent testing revealed the more 
realistic figures of 44°9kN and 46.0kN for the ultimate load 
capacity of the G.R.P tube. To achieve these values using the 
full length crimp detail would require an overlap length in 
excess of 80mm, and may never be achieved, since it is usual 
with bonded joint to reach a maximum load situation, where the 
ultimate load is unaffected by any increase in overlap length. 
This situation may have been attained in parameter study 3 which
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shows only a small increase in joint strength between the 50mm 
and 70mm length of overlap. To improve joint strength, the 
simple expedient of increased overlap is therefore ineffective 
and either the flared crimp detail or an alternative end grip to 
load the external and internal tube faces is required;
5) an improvement in joint strength is associated with those 
joints using the greater stiffness hybrid adherend. This 
minimizes the adherend stiffness imbalance.
6D.2 Introduction to the Analytical Investigation
An analytical study is undertaken here for the crimped and bonded 
joint. The aim is to examine theoretically, those trends which were 
observed in the previous section from the experimental work and to provide 
an understanding to the mode of failure in the crimped and bonded joint. 
The investigation is undertaken in two parts, which are;-
Part 1 this first study uses the linear axisymraetric finite element 
method, which was outlined in section 3*6, to examine those configurations 
used in parameter studies 1, 2 and 3* These will be refered to as case 
studies 1, 2 and 3* In summary, these studies are;-
Study 1 - full length crimp detail 
Study 2 - flared crimp detail
using a pultruded GRP 
- tube with a 50mm O/L
Study 3 - full length crimp detail .........  using a pultruded GRP-CFRP
hybrid tube with a 50mm O/L
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Part 2 this second study performs a detailed linear and elasto-plastic 
analysis on the full and flared crimped and bonded joint to investigate 
the mode of failure. From experimental evidence, it is known that failure 
occurs within the composite adherend and this region is modelled as a 
series of fibre and matrix laminates using finite elements. In order to 
achieve sufficient detail the technique of substructuring is employed in 
the failure region.
6D.3 Part 1 ; Linear Analytical Solution
The geometry and dimensions for the crimped and bonded joint are 
given in figures 6.33, together with the finite element mesh for the full 
and flared analyses. To study these joints by means of the finite element 
method, it is necessary to model the load transfer from the nodal joint to 
the crimped aluminium, but this is complicated by the threaded sleeve. 
This difficulty may be overcome by the use of 'linear constraints' and is 
fully described in reference (50). Essentially, the analysis allows only 
certain displacements at the thread interface. A local restraint is 
imposed normal to the thread face, but complete freedom is allowed in the 
tangential direction. Thereby, equal displacements in both structures are 
enforced normal to the thread face, but independant relative sliding of 
the two faces is permitted.
The material properties of the aluminium, pultruded tube members and 
a typical epoxide resin adhesive to be used in the linear analysis, are 
given in table 6.10.
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Material
Type
Mechanical Property Parameter
E^ (^N/mm^  ) Ej^ (N/mm* ) V22 V,, G„(N/mm:)
Adhesive 3,000 3,000 0.36 0.36 1,103
Aluminium 69,000 69,000 0.32 0.32 26,136
GRP tube 21,500 5,000 0.30 0.30 5,096
GRP-CFRP 
Hybrid Tube
65,000 10,000 0.30 0.30 14,423
Table 6.10 Mechanical Properties of the Adherends and the Adhesive 
for the Linear Analysis of Case Studies 1, 2 and 3 in 
the Part D Investigation. The Properties are Principal 
and the Notation Defined in Appendix 4 is used.
Some of the values in the above table are assumed. However, their 
precise values are not important here, since it is a comparison of the 
stress distributions to indicate relative efficiency, which is sought for 
the case studies 1, 2 and 3* The adherend tensile modulus for the
G.R.P tube was obtained from an experimental test and the value given to 
the hybrid tube is close to the experimental value of 68200N/mm^ , which 
was obtained subsequent to this study. It was not possible to measure the 
shear modulus G^ ,^ but this has been estimated from the relation 
G,2=(E,,+E2j)/(4( 1+V)), In section 6A.3*1 it has been shown that adherend 
shear deformations in bonded joints are negligible and therefore the value 
assigned to G,j is unimportant.
The glue line thickness in the crimped joint is not a constant, but 
has a maximum value where the crimped flanges are formed and a minimum 
value at ±90° to these flanges. As the analysis requires the joint to be 
axisymmetric, it was necessary to use a constant glue line thickness and a 
value of 0.15mm was assumed.
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In each study, the four stress components are investigated, namely, 
the axial stress ( #zz), the radial stress ( cfrr), the hoop stress ( Ooo) 
and the shear stress ( xrz). These components of stress are to be
presented normalized with respect to the mean axial stress cr o applied to 
the pultruded tube. The stress distributions have been considered in the 
adhesive.layer and in the composite adherend for a surface thickness of 
0.15mm, adjacent to the glue line. The stress components are presented as 
an average value, with respect to the transverse direction of the layer.
Figure 6.54 show the comparative adhesive stress distributions for 
case studies 1, 2 and 3« From this figure it may be seen that there is no 
peak shear stress for the flared joint. Although, as would be expected, 
severe peak stresses are developed in the full length crimp joint and 
these stresses are most severe for the pultruded G.R.P joint (C.S.l), due 
to the high adherend stiffness imbalance. It is further seen from this 
figure, that for the three joints considered, the peak values and
distributions for the axial and hoop components of stress are all similar, 
but that the flared joint (C.S.2) does not peak at the free end of the 
aluminium sleeve, as do the other types. This is due to the more gradual 
transfer of load to the aluminium sleeve offered by the refined crimp 
detail. The radial stresses have their maximum value at the free end of
the aluminium sleeve, due to the combined actions of internal bending and
the differential radial displacement of the two adherends. It is of 
interest to note that the radial stresses associated with the hybrid tube 
peak positively, while those using the less stiff G.R.P tube are shown to 
peak negatively.
It may also be seen from figure 6.54 that the disturbance to the 
stress components over the threaded region is small. This would suggest
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that the thread need not have been included in the linear analysis, as 
this does not influence the peak stresses for a practical length of 
overlap.
Figure 6.35 shows the stress distributions for an 0.15mm thick, 
surface layer of composite adherend, adjacent to the glue line. With the 
exception of the axial stress, only the stresses in the vicinity of the 
adhesive and aluminium free faces have been drawn. Remote from this 
region, the forms of each graph are similar to those of the adhesive and 
therefore, have not been reproduced. The axial stresses for the three 
joints have a maximum value at x=0 with case study 1 having a 12^  greater 
peak stress value. Case study 2 has a reduced peak axial stress due to 
the use of the flared crimp and case study 3 has a reduced peak axial 
stress due to the reduction in adherend stiffness imbalance.
6D.4 Part 2 ; Linear and Nonlinear Analytical Solution 
using a Refined Substructure Mesh
Thus far, in the nonlinear work, only material yielding in the 
adhesive has been considered. For the crimped and bonded joint, 
experimental work has shown that failure is by interlarainar shear within 
the composite adherend. An elasto-plastic analysis is now given for this 
joint, which allows yielding in the adhesive and in the matrix of the 
composite adherend. To undertake this analysis, the pultruded tube was 
idealized as a series of fibre-matrix and matrix plies within the probable 
failure region, which was isolated by the use of the substructuring 
technique.
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The geometry and dimensions together with the main and substructure 
mesh divisions are given in figure 6.36. Only case studies numbered 1 and
2, which were examined in section 6D.3, are to be investigated here. Two
modifications to these studies will be introduced. Firstly, the
relatively flexible 2005 adhesive will replace the typical adhesive and 
secondly, loading of the sleeve by a thread is ignored and it is assumed
that the load may be applied as shown in figure 6.36. Results from the
linear investigation show this latter assumption to be justified.
The substructure is idealized as a sequence of four strata, each
containing on ply of fibre-matrix and one ply of polyester matrix. These 
plies were given the volume content ratio of 2/3:1/3 respectively. The
polyester resin was assigned typical mechanical values for this material. 
From these values and from a knowledge of the overall composite 
properties, the hypothetical fibre-matrix laminate properties were 
determined using the law of mixtures.
Clearly this model can only approximate the true composite 
behaviour, because of the limitations imposed by the finite element 
method. Nevertheless it was felt that a useful insight into the stress 
distribution in a composite adherend and an understanding of the likely 
failure mode, could be gained. The mechanical data for this analysis are 
given in table 6.11.
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Material
Type
Mechanical Property Parameter
S;)(N/mm' ) E,,(N/mm* ) V22 V,, G,2(N/mm^  ) Tp(N/mm^)
Adhesive 331.0 331.0 0.36 0.36 121 .7 27.4
Aluminium 69,000 69,000 0.32 0.32 26,136 —
GRP Tube 21,500 7,000 0.30 0.30 5,481 —
Polyester 5,500 5,500 0.32 0.32 1 ,325 75.0
Pibre-Matrix 30,100 8,856 0.30 0.30 7,491 —
Table 5.11 Mechanical Properties for the Joint Components for the Elasto 
-Plastic Analysis of Case Studies 1 and 2 in the Part D 
Investigation. The Properties are Principal and the Notation 
Defined in Appendix 4 is used.
In the above table the axial and hoop tensile modulus for the G.R.P 
tube were obtained experimentally, all the remaining values, except those 
for the adhesive, are estimated.
As joint failure is a combination of fibre and interlaminar shear 
failure then the stress distributions of interest are the axial stress 
cr zz in the fibre-matrix plies at levels 5> 7 and 9» and the adhesive and 
matrix shear stress xrz at levels 2, 3, 4, 6 and 8. Ifhere the 
cross-section levels are shown in figure 5.36. The usual linear analysis 
was first performed and the stress distributions were normalized with 
respect to the mean stress do applied to the pultruded tube. This was 
then followed by an elasto-plastic analysis which permitted material 
yielding in the adhesive and matrix plies. Load increments were applied 
from the initial yield load, until a maximum permissible tensile strain of 
3.5^  was exceeded in the fibre-matrix laminate. This is taken to be the 
joint failure condition.
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The linear and nonlinear stress distributions and the development of 
the plastic yielding enclaves are discussed in the following two sections.
Linear analysis — The linear stress distributions at the various
cross-section levels are shown in figure 6.37 and illustrate the stress 
transfer through the composite tube and adhesive. The maximum shear 
stress values are found in the outer plies, nearest to the adhesive, and 
in the adhesive. Whilst the greatest axial stress within the fibres is 
located at x=*0 and in the ply closest to the adhesive.
The advantages of modifying the crimp detail in the form of the
flared crimp are immediately apparent from the linear investigation, where 
it may be seen that the peak adhesive shear stress for the flared joint is 
reduced by 50  ^ and is shifted inward from the free face, to the foot of 
the flare. The more uniform shear stress distribution for the flared 
crimp gives a less severe concentration of axial stress and a more uniform 
transfer of load to the fibre-matrix plies. Both case studies have a peak 
axial stress in the fibres at the location x=0 and the benefit of the 
flared crimp is shown by an 8% reduction in the peak value compared to the 
equivalent full length crimp.
The improved stress distributions for the flared joint explain 
theoretically the reasons for this joint having a greater experimental 
strength. In addition, the reduced peak values of shear stress, which
have a maximum value remote from the adhesive free face, would suggest
that this joint would be less susceptable to a fatigue failure, which may 
be an important consideration in some applications.
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Nonlinear analysis — The stress distributions considered in the linear 
analysis are also given from an elasto-plastic analysis, for an applied 
loading of 30.4kN for the full crimped joint (C.S.1) and 42.3kN for the 
flared crimped joint (C.S.2). These results are shown in figures 6.38 and
6.39. The load values are the theoretical failure loads which were 
obtained by implementing the criteria for failure in the fibre matrix ply. 
It may be seen that the theoretical failure loads are within 12^  of the 
experimental values which were given in figure 6.32. Failure in both 
joints is at the same location, at x'^ O and in the uppermost fibre-matrix 
ply, this is shown by the same peak axial stress at level 5, in figure
6.39.
The development of the plastic yielding enclaves for the two case 
studies is shown in figure 6.40. Where it may be seen that the more 
uniform stress distributions in the flared joint, has allowed greater 
zones of plastic yielding and an increase in the ultimate load. It is of 
interest to compare the yielded regions for the full crimp joint, at a 
load of 30.4kN and the yielded regions for the flared joint, at 
approximately the same load of 29«15kN. It may also be seen that no 
yielding is present for the flared joint, at the adhesive free face.
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Fig 6.32: Relationship between the Tensile Failure Load and
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CONCLUSIONS
This thesis has presented an investigation, which is of a primarily 
theoretical nature, into the stress analysis of adhesive bonded lap 
joints. Only those configurations which have been defined as the ’Primary 
Configurations' were considered.
Two analytical techniques, namely, the classical and finite element 
theories, have been developed to make possible a prediction of the 
adhesive stress distribution for the primary configurations. The theories 
were formulated from first principles and a unified treatment in terms of 
the geometries and nomenclature has been presented. Furthermore, the 
generality for dissimilar adherends has been satisfied in these theories.
The analytical techniques have considered two independant material 
assumptions for the adhesive. The first assumes the adhesive to be a 
linear elastic material. This work was then extended to permit nonlinear 
adhesive yielding, which was shown to be an essential requirement in order 
to predict the failure load of structural bonded joints. For the 
nonlinear classical approach the adhesive shear stress was assumed to obey 
a linear elastic-perfectly plastic stress-strain law; this assumption has 
been verified from experimental testing of epoxide resin adhesives.
The classical analytical techniques, which derive governing 
differential equations, were not tractable to a closed form solution. 
Consequently, a numerical solution was necessary. For this purpose the 
NAG library program D02GBF, which uses the finite difference method, was 
employed. As a result of the present investigations using this program, 
it is anticipated that this solution procedure could be of great value for
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the analysis of other adhesive jointing configurations.
The superiority of the classical approach lies in the speed and 
efficiency of the solution procedure which may be undertaken in seconds of 
computing time, as opposed to several hours for the more rigorous 
nonlinear finite element method. The practicality of the classical 
approach using the solution procedures developed in this thesis are 
considered to be a major contribution to this subject.
Simplifying assumptions were necessary in order to make the 
mathematical treatment tractable. The most important of these assumptions 
have been examined and the following conclusions were established:
1) The influence of the transverse adherend shear deformations 
on the adhesive stress distribution is negligible. However, the 
transverse adherend normal deformations were shown to modify the 
adhesive stress distribution. Consequently, the analysis of 
bonded joints with composite adherends having a low transverse 
modulus, may require refinement of the classical theories 
presented in this thesis.
2) It was observed that the geometric nonlinear behaviour of 
loading the single lap joint must be taken into account for a 
precise study of this configuration. The geometric linear 
assumption will overestimate the peak adhesive stresses by 
approximately 30^ .
3) The assumption of a constant adhesive stress in the 
transverse direction is valid over most of the overlap, with the
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exception of the overlap extremities where edge effects become 
influential.
Six case studies were selected to be representative of the primary 
configurations and were used to compare solutions for the various linear, 
and nonlinear, analytical techniques. In general, the theories presented 
in this thesis were found to agree closely, even when using the shear lag 
theory to approximate the tubular lap joint.
An excellent agreement was obtained between the theoretical failure 
envelopes from the nonlinear classical theory and experimental studies for 
the double lap configuration. It would be expected that this nonlinear 
theory, if applied to the tubular configuration, would provide similar 
acceptable results. The application of the classical nonlinear theory to 
predict failure for the single lap joint was found to yield inconsistant 
results due to the prominence of adhesive peel stresses, and that these 
stresses were decisive in determining failure for this configuration. 
Consequently, the nonlinear shear idealization was only able to offer an 
approximation, to within 40^ , for determining the failure load.
In summary then, the nonlinear classical theories were shown to be 
capable of determining the nonlinear adhesive shear stress and shear 
strain distributions from a comparison with the finite element solutions. 
However, the use of these theories to predict failure load may be suspect 
as the effect of adhesive peel stress on the failure load is ignored and 
this may result in a premature failure.
From the testing of five typical epoxide resins it was shown that 
considerable differences exist between the properties and yielding
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characteristics of these materials. Therefore great care must be 
exercised when selecting an adhesive for a particular application.
An experimental and theoretical investigation of the crimped and 
bonded joint was undertaken. This revealed that a reduction in the peak 
adhesive stresses, which give an increase in joint strength, is associated 
with those joints using the pultruded tube having the greatest stiffness. 
This behaviour is a consequence of reducing the adherend stiffness 
imbalance between the aluminium sleeve and the composite tube. 
Furthermore, the characteristic peak of the adhesive shear stress may be 
eliminated by the introduction of the flared crimp. The improved stress 
transfer for this joint was shown to give an increase in joint strength in 
the order of 20^ for a typical length of overlap. The experimental work 
has shown the possibility of producing a joint which is stronger than the 
composite tube by increasing the length of the aluminium overlap to a 
critical value. However, severe weight penalties will be imposed. An 
alternative method of failing the tube is to use the flared crimp in which 
the required length of overlap is substantially reduced.
An important contribution to the understanding of failure within 
composite bonded joints was made from the investigation of combined 
yielding in the adhesive and composite adherend materials for the full and 
flared crimped and bonded joints. The composite adherend was idealized by 
means of individual fibre and matrix plies, and the technique of 
substructuring was used to achieve sufficient detail in the mesh. The 
elasto-plastic finite element analysis illustrated the development of 
yielding in the matrix plies and in the adhesive. As a result of stress 
relief from matrix yielding, the yielding transmitted to the adhesive was 
limited. The failure mode predicted from this analysis was in agreement
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with experimental observations, and the failure load was given to within 
12^  of the experimental value assuming a maximum pricipal strain failure 
criterion of for the fibre matrix ply.
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APPENDIX 1
Boundary Conditions for the Single Lap 
Joint - Balanced and Imbalanced
Goland and Reissner (14) give the following expressions for the 
boundary conditions in the balanced single lap joint,
T® = P/b 
V* = k'P(t/c)
M* = kP(t+t J/2
where k and k' are bending moment factors that express the bending and 
shear stress resultants as a function of the applied load,
k = l/(l+2y^Tanh(m I ))
k' « y(2m) I k
i n  w h ic h  ^ = c ( P / ( E t ) ) ' V t  and m » (5(l-v^)/2y
The equivalent Hart-Smith (15) expression for the bending moment factor is 
given by,
k = 1/(1+ ^c+ ^ c^^  ) where  ^" P/D .
Hart-Smith has also considered the boundary conditions for the
imbalanced joint in reference (15)> only the essential equations and notes 
on the necessary computer routine are presented here. Hart-Smith
established the following relationship between the edge moments and M^ ,
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Mf
E,t, [ 1 + :,c (1+M^D, ) + ^  (1+gD, y ]DîMF
B : t , [  1 + ^ c  ( U M Î D j )  + I ç '  d + M f D î ) '  ]
6 Di MfD,Mj
In which li=P/Dl (1=1,2)
(A1.1)
This equation must he solved numerically and a suitable routine is 
provided on the NAG (56) package (NAG-E04ABF), for the minimization of a 
function. The required function to be minimized is obtained by 
rearranging equation A1.1 in the form.
M?
B , t , [  1 +  :,c ( 1 + M f D , )  +  i?c^ ( 1 + M i D ,  y 1 
 MfDj 6 MfDj
E^tzL 1 + ^0 (1+MÎDz) + gzc'd+MfPz) ]
MfD, 6 MfD,
Because the adherends are imbalanced the centroid of joint rotation is not 
immediately known. Hart-Smith gave the following expressions to locate 
the centroid 0, see figure A1.1,
EC1 = (ti +tz +2to) 
2d+Ezt2 ) 
E, ti
and
or
1 + M,*D, 
IfD,
- 1 )
EC4 = (ti+t2 +2tg) 
2(1+E, t, ) 
Ej t;
(A1.2)
where the ratio M^/Mf has been used to locate the eccentricity ec.
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The boundary conditions M* and Mf are finally given by,
M^ J^= _____ P(EC4^
1+ 5(o-ec)+ |(c-ec )/6
Mf= P(EC1 ) (A1.3)
1 + lj(c+ec)+ ^(c+ec)V6
Equations A1.1, A1.2 and A1.3 are modified from those given in reference 
(15) to account for the different geometry and nomenclature used in this 
work.
Prom figure 3*5 the conditions for vertical and moment equilibrium give 
the following relations,
and V* =(^%t,+t,+tq)-Mf-M;)/(2c) . 2
Futhermore, horizontal equilibrium requires that, 
Tf = Tf = (T*= P/b)
ECl
ÊC4-
I I
1 tx = - c  x=0 x=*c
Fig A ll : Geometry for the Imbalanced Single Lap Joint showing the Centroid of
Rotation 0. The Undeformed Loading Path is shown Dashed
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APPENDIX 2
Some Closed Form Solutions for 
the Single and Double Lap Joints
Single Lap Joint (Balanced Adherends)
From the differential equations 3*5 and the boundary conditions 3*7 
(with identical adherends), Goland and Reissner (14) were able to derive 
the following closed form solutions for the adhesive shear and peel stress 
distribution,
T  ^ P r |3_c(l+3k)Cosh((Bx/t) + 3(l-k) ]
8c t Sinh(pc/t)
cr = P t^ [ (R,X^ (k/2) - Xk'CoshXCosX)Cosh(Xx/c)Cos(Xx/c)
At c^
+ (R,?((k/2) - X k ' SinhXSinX)Sinh(Xx/c)Sin(Xx/c) ]
where -c \< x \< +c .
The latter of these equations is the corrected version given by Sneddon 
( 2 ) .  Maximum values for T  and ü occur at the leading edges (x =* ±c) and 
are given by,
p.[ &c(l+3k)Cosh(Pc/t) + 3(l-k) ]8c t Sinh(pc/t)
JP [ 2i(Sinh2X-Sin2X) - Xk ' (Cosh2X+Cos2X) ]
2At c' 2
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where (3 = (SGq t / ( E t a  ) ,  Y - ( 6 E a t / ( E t „  ) , X  - Y c / t
R, = Cosh X Sin X + Sinh X Cos X 
R 2 “■ Sinh X Cos X - Cosh X Sin X 
A = (Sinh2X + Sin2 X )/2 .
Either the Goland and Reissner or Hart-Smith definitions for the 
parameters k and k', which were defined in Appendix 1, may he used in the 
above relations.
Shear Lag Theory (imbalanced Adherends)
Sazhin (13) considered the simple shear lag model using an approach 
similar to Volkersen (12) and derived the shear stress distribution as,
T - P(x r 1-^ ( 1-CoshKl)Cosh«x -^Sinhotx) ] b Sinhal
where ct = jW , 13 = Go , tp = E, t, .
V t E,t, + E,t:
The shear lag theory may approximate the tubular configuration by 
implementing the modifications recommended in section 4.4*
The Sazhin equations are presented here in a modified form to comply 
with the geometry and nomenclature used in this thesis, as shown in figure 
4.4.
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APPENDIX 3
Lubkin and Reissner theory for the Tubular Lap Joint 
Governing Differential Equations and Boundary Conditions.
The three governing differential equations to describe the adhesive 
stress distribution for the Lubkin and Reissner (49) tubular joint are 
given by,
g'"'+(Kj+Yj,)g, - -(3a/a, )gf-(3 A,a/a, )gg = -3A,a/a,
g7'+(^2+lfj)g2“^^ a/a^  )g3" + (3 Aju/a^  )gj -
gf-((B:/a:)+(B'/a, ))ag,-(B;gf+B[gf) + A:B;g,-A,B;g, - ((Pfa/a, )-(B|a/a,))
in which A, - 2 V; (2c/t.)*(t,/a,) i-1,2
Kf * 12(l-v/)(2c/t,)*(t,/a,)' i-1,2B] = (l-V;)(2c/t;)'(t,G,/(toE|)) i-1,2
If'; = 12(l-V;)(2c/t;)* (2c/1 ;) (aE«t ;/(B; E jt„) ) i,j-1,2
where primes denote differentiation with respect to z, and subscripts 
refer to the inner or outer adherend property. In terms of the functions 
gi(z) (i-1,2,3) the boundary conditions are,
at z-0, (x=‘-c)
Sa =' -1 , ë'î =* 0, g%-(3a/a,)g; - 0
gf-/^ K, gf +kJ g; - (3a/a , )g'g =* 0 
g/-y2K, g',+K^ ,g, - -2/3v,a/(a, (1-vjt'O
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and at z=1, (x*+c)
g, = 1, s',' “ 0, g'"-(3a/a, )gj - 0
gfVSKj g'' +4 g' - (3a/a, )g' - G 
g;+/2K;g;+K:g; = -2/3v,a/(a,(l-vf^) .
From the solution gi(z) (i-1,2,3) the adhesive shear stress is recovered 
using,
X =“ (p/(8JTac))g'(z) 
and the adhesive peel stress from,
d - (PE,/(4%acGo))(B=(2c/t,)g:(z)-B;(2c/t,)g,(z)) 
where the dimensionless overlap co-ordinate z is given by, z*(x+c)/(2c).
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APPENDIX 4
Derivation of the Elasticity Matrix [d] and the Strain 
-Displacement Matrix [b ] for the Eight Node Quadrilateral Element
In this appendix the elasticity matrix [d] for both isotropic and 
orthotropic behaviour, and the strain-displacement matrix [b ] for plane 
strain and axisymmetric loading are derived.
Elasticity Matrix [p]
The elasticity matrix [d ] is derived here for the orthotropic 
pultruded tube analysed in part D of chapter 6. It shall be assumed that 
the principal material directions coincide with the z,r,6 axis system, 
shown in figure 3*14b, and that symmetry of material properties exists in 
the r0 plane. These assumptions are consistant with the pultruded tube 
where reinforcement is mainly in the axial (z) direction. From Hookes law 
it is known that,
E zg =4 dzz - Vrz drr - Vqz deo 
Ezz Err Eoo
^rr =* - Vzr d zz + drr - Vgr dgg
Ezz Err Eeo
^00 ** - ^ Z9 dgg - Vre drr + dgg
Ezz Err Eee
^rz =*  ^rz
Grz
(A4.1)
and from material symmetry it is clear that.
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Err = Eee =- E,, and Ezz = E
also Vzr - Vze = Vg, , vez - Vrz
22
, Vre - Ver - v,, (A4.2)
In which subscripts 11 and 22 refer to the principal material properties 
associated with the r6 plane and the z direction respectively.
The reciprocal relations for an orthotropic material give,
Vrz = Vzr =* V 22
Err Ezz Egg
Ver - Vze
Eee Ezz E22
Ver s Vre - V„
Eee Err E„
( A 4 .3)
Combining equations A4-1, A4.2 and A4.3 the following relation is
established.
[C] (A4.4)
in which,
_1
Egg -Y21.Egg -Yil.Egg 0
[C] - E%2
1
En -&LE„
0
(A4.5)
E22 h 1E„ 0
0 0 0 1
- G,2_ '
axisymmetric body with isotropic material
E , l^gg -V , and G - E/(2(l+v)). Matrix
be rewritten in the form,
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[ c ]  =
1 - V “ V
E E E
-_v 1 - V
E E E
- V - V 1
E E E
0 0 0
This is the isotropic strain-stress matrix for both axisymmetric and plane 
strain loading. The stress-strain, or elasticity matrix [d], follows from 
relation A4.4 by inversion,
where
- [oi’iei 
[D] - [0]" .
Strain Displacement Matrix [b]
Consideration is now given to the strain-displacement matrix [b], 
for the eight node quadrilateral element; by definition,
d|E| [B]d|Ge{ (A4.6)
The matrix [b ] is determined from the shape functions Ni where i is the 
node number and runs 1 through 8; shape functions are 'interpolation 
functions' that relate a unit square 'parent element’ in a local 
co-ordinate system (see figure A4*1b), to the quadrilateral element
in global x,y co-ordinates (see figure A4.la), whose size and shape are 
determined by the nodal co-ordinates xi,yi. For a local | ,T] co-ordinate 
the corresponding global x,y co-ordinates are obtained from,
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X 0 N g  0  ..
.y. .0 N, 0  N g . . . . .  0  N g
where Ni =* f ,r| )
y,Xg
yg
%8
ye
(A4.7a)
or, equation A4.7a may be expressed in the form,
= ^  Ni xi and y  ^^_Ni yi (A4.7b)
The shape functions for the eight node quadrilateral element are,
Ni (i+55i)(i+npi)(s5i+Ymi-i)/4 
Ni (1- |')(l+nTli)/2 
Ni » (l+55i)(l-n')/2
for i - 1,3,5,7 
for i - 2,6 
for i - 4,8
where, for i running 1 through 8 the consequtive values for i^ and Tji are, 
from figure A4.1b, i^ =» -1 ,0,1 ,1 ,1 ,0,-1 ,-1 ; Hi = -1 ,-1 ,-1 ,0,1 ,1 ,1 ,0 .
Displacements within the element may also be defined by the interpolation 
functions at a specified location  ^,ti from.
u Ni ui and V = ^Ni vi 1 (A4.8)
where ui,vi (i=1,8) are the global nodal displacements. The
strain-displacement matrix [b] is now derived for the plane strain 
continuum, and may be easily modified for an axisymmetric body. The
differentiation of equation A4.8 with respect to ,^T) gives.
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du dN, 0
d§ d:
du dN, 0dq dn
dv 0 dN,
d|
dv 0 dN,
dn dn
#8 0 
d:
#8 0 dri
0
Madn
V,
Ug
V;
Va
•
•
Ue
Vg
( A 4 . 9 )
The relationship between derivatives in the two co-ordinate systems are 
established by the chain rule of differentiation,
d( ) dx dy [d( )■ "d( )'d 5 df dl dx - [j]
dx
d(.J
=
dx dy d( ) d( )
_dn dn _dy _dy _
(A4.10)
where the components of the jacobian [jJ are obtained by differentiating 
the expression in A4.7b,
Ji. J.2 ' 'dN, dNg........... X, y,d: d^ d^ X2 y2
3^ y3d2, Jg 2 dit dN,..... .......dia . .dn dn dn xa ye
(A4.11)
From equation 3*21 a the strain-displacement relation may be written in the 
form.
^xx 1 0 0 0 du
dx
^yy 0 0 0 1 du
dy
z^z 0 0 0 0 dv
dx
ïxy 0 1 1 0 dv
. dy.
(A4.12)
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A relationship between the derivatives of displacements in x,y
co-ordinates A4.12 and the derivatives of displacements in local Ç ,n 
co-ordinates A4.9 is obtained from inversion of A4.10,
du
dx
0 0
du
dy
0 0 du
dn
1 dvdx
0 0 J'n du dvd|
dv
_dy_
0 0 < d;%_ dvdn
Combining equations A4.9, A4.12 and A4.13 to give the
(A4.13)
is straightforward to implement as a computer routine.
For axisymmetric loading the derivation for the [b] matrix is 
identical, with the following modifications:
1) equation A4.12 is replaced by;
E
 ^zz 1 0 0 0 0
Err 0 0 0 1 0
Eqo 0 0 0 0 1
r
z^r 0 1 1 0 0
dz
du
dr
dv
dz
dv
dr
V
2) add a row of alternate 1.0 to equation A4.9 to give ^ vi;
3) add a row and column of zero's to equation A4«13 with a 1.0 
in the main diagonal.
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It may be shown that the quadrilateral element stiffness in x,y 
global co-ordinates is equivalent to the parent element stiffness in |,x\ 
local co-ordinates using the following relations,
=^1 Ti=1
[ke] = yTy  [B]'[D][B](detJ)d^dn
n=-i
=^1
[ke] - 27^y  [b ]^ [l)][B]r(detJ)d^ dn
5=-1 T]=-^
for plane strain loading
for axisymmetric loading
where (detj) is the determinant of matrix [j] in equation A4*11*
These convenient limits of integration for the above relations allow the 
easy use of numerical integration to evaluate the area integrals.
T) =  - 1
Fig A4,l a :  The Eight Node Quadrilateral  
Element in Global x ,y Co­
ordinates
Fig A4.1b: The Unit Square 'Parent  
Element * in Local q 
Co-ordinates
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APPENDIX 5
Geometric Nonlinear Finite Element 
Theory for the Single Lap Joint.
A geometric nonlinear theory for the finite element method is 
formulated in this appendix, which is suitable to study the single lap 
joint.
The approximate linear strain-displacement relations {Eo } in 
equation 3*21 are extended to be valid for large displacements by 
including the Green strain tensor"; these define the large displacement 
components of strain | ] in terms of the displacements u and v in the x,y 
cartesian co-ordinate system. The total strain is,
^xx du 1 L (du) + (dvf ]
dx 2 dx dx
^yy dv 1 [(du) + (dv) ]
dy 2 dy dy- +z^ 0 0
Yxy du+dv du.^ + dv.dvdy dx dx dy dx dy
(A5.1a)
(A5.1b)
There now exists a nonlinear relationship between the nodal displacement 
increment d|5e| and the resulting strain increment d{E| given by,
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dlej [Bo]di5e}+[Bjdl6ei (A5.2)
In which [Bo] is the linear strain-displacement matrix (denoted [b] in 
appendix 4), and [B^ ] is the nonlinear strain-displacement matrix which is 
a function of the current nodal displacements |5e|.
The matrix [B^ ] may he derived as follows; from equation A3.la the 
large displacement strain vector } may be expressed in the form,
-  1
2
^  0 ^ 0  
dx dx
0 du Q dv 
dy dy
0 0 0 0
du du djr ^  
dy dx dy dx
du
dx
du
dy
dv
dx
dv
dy
(A3.3a)
or I 1 ~ AO/2 (A3.3b)
By taking the variation of this equation,
djEt} « AdG/2 + dAG/2 ,
and inspection of equation A3.3 will show, A.dO-dA.O,
and therefore, = AdQ (A3.3c)
Inspection of equations A4.9 and A4.13 give the following relationship,
de [aJdlGe! (A3.4)
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and combining with equation A3.3c gives,. djeL) =* [A][G]d|Ge} 
and therefore, [b J = [a][g ] (A3.3)
where the terms in matrices [a ] and [g] are given by equations A4.9 and 
A4.13, inspection of these show that [B[_] is a function of the current 
nodal displacements [Ge|.
For a given increment of nodal displacements d{Ge} the element 
strain is,
djE} - [B]d{5el (A3.6)
where [b ] - [Bo]+[Bl],
The corresponding stress increment d|oj for a linear elastic material is 
given by,
d{ffj [D]d{Ei or [a] [D]|Ej , (A3.7)
For a solution of element stress and strain, given by equations A3.6 
and A3.7, the correct nodal displacements are required; in the linear 
theory these were readily obtained from the load deflation relation 
|p| - [k ]|6|, where the linear structure stiffness [k ] is a constant. In 
the nonlinear problem this simple relation is no longer valid as the 
stiffness [k ] is a function of the displacements |5 | and a solution must 
be obtained iteratively; such a process used here is the 'initial stress' 
method advocated by Zienkiewicz (46), who uses the Newton-Raphson method 
to overcome the nonlinearity. From figure A3 .la, which shows the linear 
and nonlinear load-deflection behaviour for a single degree of freedom,
Appendices__________________________________________________________ 241
the true nonlinear displacements may be found as a series of linear steps 
as follows. Firstly, a linear analysis provides the displacement |5,j for 
the applied load |P,j. From the principle of virtual work in equation 
3.24,
I p  i = y " [ i ] ’ ! o jd ( v o i )  .
VolThen the linear and nonlinear solutions are out of balance by the force
1 4^,1 , given by,
( f i !  -  Ip, ! -  ( [ b ] ’ | o }d (vo i )
where the right hand term uses the first estimate of displacement |5,| to 
compute [b ] and (o|. The out of balance force is a measure of the
internal nodal force required to give a state of equilibrium. Reduction 
of the out of balance force is achieved by suitably modifying the nodal 
displacement, from figure A5-1 the linear structure stiffness may be used 
for this purpose as follows,
|A6,I = [k ]"1'I’,Î
and updating the nodal displacement gives the corrected value,
I 6,1 = 16,1 + 166,1 .
After each iteration the nodal displacement and element stresses and 
strains are updated from equations A5»6 and A3.7. This allows a new out 
of balance force | to be found; continuation of this process leads to 
the iterative solution known as the 'Modified Newton-Raphson' technique.
The iteration process is stopped once the out of balance force is 
considered to be sufficiently small, the criteria used was,
Norm of the out of balance forces {(4^(l )) +(4*(2)) + 1 ^
Norm of the applied load |(p(l))'+(P(2))^ +......... (p(n)/ j' ' ^
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where n is the total number of degrees of freedom.
It is worth noting here that the single lap joint is an unusual 
structure in that it is 'displacement hardening,' that is, with increasing 
load the transverse deformations tend to lock as the applied loads allign. 
Under this condition the load-deflection curve is unlike that depicted in 
figure A5»1a and the new convergence cycle is shown in figure A5«^ b. From 
this figure it may be seen that convergence is a problem and may be 
impossible if the applied load increments are to large. It is apparent 
that the Newton Raphson method is not particularly suited to this 
analysis, whilst it did achieve the correct solution considerable 
computing time was necessary. Future numerical work on this topic should 
consider alternative incremental processes, for example Ricks method (74), 
or the modified Ricks method (75), which introduce an additional 
constraining equation to the Newton-Raphson method and overcome areas of 
difficult convergence by suitably modifying the applied load.
linear stiffness [ K ]
FigA5.1a: The Newton Raphson Iteration FigA5.1b:The Newton Raphson Iteration  
for the Displacement Hardening 
Single Lap Joint
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APPENDIX 6
Derivation of the Blasto-Plastic Matrix [Pep] for a 
Nonlinear Stress-Strain Law in the Finite Element Theory,
Von Mises yield criterion is given in section 4*5 and states that 
material yielding will occur once the effective stress d exceeds the 
uniaxial tensile yield stress aj,
where â= [3(cr„')’/2 + 3(o>,;)V2 + 3(fz;)V2 _ (a6.1)
An effective plastic strain increment dE*" is defined as a combination of 
the individual plastic strain increments as,
dë'- /2[(dc»-dE%)' +(de',-deLy
+3(dK',)'/2 + 3(dï^ ,)’/2 + 3(dï^ )'/2f'/3 (A6.2)
For a uniaxial tensile test the effective stress S, and effective plastic 
strain dE*^ , are identical to the uniaxial stress and the uniaxial plastic 
strain increment.
The elastic strain limit is determined once Von Mises yielding criterion 
is satisfied. Beyond this limit, for an infinitesimal increment of stress 
d{d| the resulting strain increment has components of elastic strain d|^ e| 
and plastic strain dj^ pj,
d|ej d|Ee}+d|Cp} . (A6.3)
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The elastic component of strain are given by the usual Hookean relations, 
from equation 3*22 these are,
dj^ ej [d] d|o}  ^ (A6.4)
The plastic components of strain d|^ p| are given by the Reuss equations 
(76), or Von Mises flow rules. Ruess assumes the plastic component of 
strain increment is proportional to the deviortoric and shear stresses at 
any moment,
d£x^x  ^dEyy ^  dsZZ ~ dYx^v " dXyz d^zx ^  dA (A6«5)
y^'y x^y -^zx
where dX is a factor of proportionality, and the stresses denoted by 
primes are the deviortoric stresses. Equation A6.5 states that a
relationship exists between the ratios of plastic strain increment d|E’|; 
to determine their magnitudes the factor dX must be found.
It is shown in reference (76), that the effective plastic strain increment 
d|EP| and the effective stress ? , are related to the factor dX by,
dX (5/2)(dËV ^ ) . (A6.6)
Introducing equation A6.6 into A6-5 gives an expression for the magnitude 
of the individual plastic strain increments, for an imposed effective 
plastic strain increment dë^  , under a known state of stress,
d U M  -  l ( 3 / 2 ) ( a „ / J  ) , ( 3 / 2 ) ( o „ / s  ) , ( 3 /2 ) ( a ,V 3  ) ,
3 V 3  .3Vff . (A6.Y)
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Talcing the partial derivatives of equation A6.1 gives,
àl» {(3/2)fc/B ).(3/2)(<»,;/S ),(3/2)(0:V» ), 0 □
3T„/s , 3 V  ff , 3 V “ !
and equation A6.7 may be rewritten as,
d|E»| -(ôdi dr . (A6.8)
The term { is the direction of the vector normal to the Von Mises
yield surface at an instantaneous stress condition |d|, and dë’ denotes 
the magnitude of this vector. For a simplified two dimensional principal 
stress space this is shown diagramatically in figure A6.1.
Using equations A6.3 and A6.4 the following relation is established,
d{o] - [D]d|Ee| - [D](d|E}_d{Ep})  ^ (A6.9)
A relation that yields d£^  from the total strain increment djej is 
obtained as follows. From equation A6.9 introduce equation A6.8 and 
premultiply both sides by (ôîï/àcj)^  to give,
fàâ/ôaf djdj |ôà/ôdf [d ]cI{e } - jôâ/ôaf [D]{ôaf/ô(ï!dë''. (A6.10)
During plastic yielding the plastic stresses must remain on the yield 
surface. In order to ensure this, the only permissible stress direction 
is tangential to the yield surface. This condition is enforced 
mathematically by the condition,
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Iô5/ô(J d|d} =0 (A6.11 )
and substitution into equation A6.10 gives,
d£p= _ {ao/aof [d J dje) 
ld5/âaf[D]tôs/àa )
(A6.12)
The required expression to determine the stress increment djcrj for an 
imposed strain increment d{e| is obtained by combining equations A6.8, 
A6.9 and A6.12 to give,
d{cr| = [Depjdj^l
where [Dep] [s]-[Djiàa/da| }ôg/àaf [p] 
lôff/àaj’ l_Djiàô-/ôa I (A6.13)
The elasto-plastic matrix [Dep] has been derived here for an 
elastic-perfectly plastic material and is given for the general three 
dimensional stress system; for a plane stress or axisymmetric body the 
appropriate deletion of stress and strain terms are introduced.
or =(—  )"00^' d i r e c t i o n  o f  v e cdZj
F i g A S . l :  V o n  M i s e s  Y i e l d  S u r f a c e  a n d  t h e  N o r m a l i t y  V e c t o r  i n  T w o  
D i m e n s i o n  P r i n c i p a l  S t r e s s  S p a c e
